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Moments 4A 

1 a 

Moment 3  Nm clock2 6 wise  

b 

1.5 10.Moment 7  Nm clock ise5 w 

c 

Moment 2  Nm anticlockwise6.5 13  

d 

The line of action of the force acts through P, so moment m0  N  
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2 a  

  
 
   First, draw in the right-angled triangle. 
  Perpendicular distance 5 sin30    

  
5sin30

 1
Moment 4

Nm anticloc0 kw s i e
 




 

 
 b  

   
 

  
sin 45

7.2sin 4
Distance 7.2
Moment 6

 Nm anticlockwise
5

 30.5

 
 




  

 
 c  

   
 

  
Distance 2.8
Moment 9

cos60
2.8cos60

 13.3
.5

 Nm clockwise

 
 




  

 
  d  

   
 
   First, draw in the right-angled triangle. 
  Angle inside the triangle 180 137 43      
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2 d 

  
sin 43

6.2sin 4
Distance 6.2
Moment 8

 Nm anticlockwise
3

 33.8

 
 




  

 
3 a i Moment = magnitude of force × perpendicular distance 

   
Moment about 4 8

4 9.8 8
313.6

P g 
  


  

   The moment about P is 313.6 Nm clockwise. 
 
  ii Moment = magnitude of force × perpendicular distance 

   
Moment about  4 (12 8)

4 9.8 4
156.8

Q g  
  


  

   The moment about Q is 156.8  Nm anticlockwise. 
 

 b In these calculations, we have assumed that the sign is a particle – i.e. all the weight of the sign 
acts at its centre of mass. 

 
4 a  Moment = magnitude of force × perpendicular distance 

  
Moment about 12 0

0 Nm
A  


  

   
 b  Moment = magnitude of force × perpendicular distance 

  
Moment about 12 0

0 Nm
B  


  

    
 c  Moment = magnitude of force × perpendicular distance 

  
Moment about 12 3

36  Nm anticlockwise
C  


  

   
  d  Moment = magnitude of force × perpendicular distance 

  
Moment about 12 3

36  Nm anticlockwise
D  


  

   
5 Moment = magnitude of force × perpendicular distance 

 

15 12sin 30
15

12sin 30
2.5 Nm

F

F
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Moments 4B 

For each question in this exercise, clockwise is assumed to be the positive direction. 
1 a  

   
 
  Moment of 3 N force 
  3  Nm clock i e3 s1 w    
  Moment of 2 N force 
   1 3 Nm anticlo2 ckwi8 se     

  
Resultant moment 8 3

Nm  anticlock 5 wise
 


 

 
 b  

   
   
  Moment of 4 N force  
  4 (2 1) 12 Nm clockwise      
  Moment of 2 N force  
  2 1 2 Nm anticlockwise    
  Moment of 3 N force  
  3 1 3 Nm clockwise    
  Resultant moment 12 2 3 13 Nm clockwise      
 
 c  

   
   
  Moment of 7 N force  
  7 (1 1) 14 Nm anticlockwise      
  Moment of 3 N force  
  3 1 3 Nm clockwise    
  Moment of 4 N force  
  4 2 8 Nm anticlockwise    
  Resultant moment 14 3 8 19 Nm        
  The resultant moment is 19 Nm anticlockwise. 
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1 d 

Moment of 4 N force  
4 (2 1) 12 Nm anticlockwise     

Moment of 3 N force  
3 1 3 Nm clockwise  

Moment of 2 N force 
2 1 2 Nm anticlockwise  

Resultant moment 12 3 2 11 Nm     
The resultant moment is 11 Nm anticlockwise. 

e 

Moment of 1 N force 
1 (1 1 1 1) 4 Nm anticlockwise     

Moment of 2 N force 
2 (1 1 1) 6 Nm clockwise    

Moment of 3 N force 
3 (1 1) 6 Nm clockwise   

Moment of 4 N force 
4 1 4 Nm anticlockwise  

Resultant moment 4 6 6 4 4 Nm clockwise       

f 

Moment of 3 N force 
3 (1 1) 6 Nm anticlockwise   

Moment of 2 N force to the left of P 
2 1 2 Nm clockwise  

Moment of 1 N force 
1 1 1 Nm clockwise  



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3 

1 f Moment of 2 N force to the right of P  
  2 (1 1) 4 Nm anticlockwise     
  Resultant moment 6 2 1 4 7 Nm          
  The resultant moment is 7 Nm anticlockwise. 
     
2 a  

   
  
  Moment of 3 N force  
  3 2 6 Nm clockwise     
  Moment of 2 N force  
  2 5 10 Nm clockwise    
  Resultant moment 6 10 16 Nm clockwise    
   
 b  

   
  
  Moment of 4 N force  
  4 2 8 Nm clockwise     
  Moment of 3 N force  
  3 3 9 Nm anticlockwise    
  Resultant moment 8 9 1 Nm      
  The resultant moment is 1 Nm anticlockwise. 
   
 c  

   
 
  Moment of 6 N force  
  6 4 24 Nm clockwise     
  Moment of 7 N force  
  7 2 14 Nm anticlockwise    
  Resultant moment 24 14 10 Nm clockwise    
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2  d  

   
 
  Moment of 3 N force  
  3 1 3 Nm anticlockwise     
  Moment of 5 N force  
  5 2 10 Nm clockwise    
  Resultant moment 3 10 7 Nm clockwise     
  
 e  

   
   
  Moment of 3 N force  
  3 0.9 2.7 Nm clockwise     
  Moment of 4 N force  
  4 0.8 3.2 Nm anticlockwise    
  Resultant moment 2.7 3.2 0.5 Nm      
  The resultant moment is 0.5 Nm anticlockwise. 

 
 f  

   
 
  Moment of 6 N force  
  6 (2.5 sin65 ) 13.59 Nm anticlockwise       
  Moment of 5 N force  
  5 0.8 4 Nm clockwise    
  Resultant moment 13.59 4 9.59 Nm       
  The resultant moment is 9.59 Nm anticlockwise. 
   
3 Moment of 2 N force about P  
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 = 2 × (5 + d) Nm clockwise 
 Moment of 5 N force about P  
 = 5 × 3 = 15 Nm clockwise 
 Moment of 4 N force about P  
 = 4 × (2 + 3) = 20 Nm anticlockwise 
 Resultant moment = 17 Nm clockwise so: 

 

2(5 ) 15 20 17
5 2 17

2 12
6

d
d
d
d

   
 




  

 The distance d is 6 m. 
 
4 Moment of 6 N force about P  
 = 6 × (2 + 3 +1)x = 36x Nm clockwise. 
 Moment of 12 N force about P  
 = 12x Nm clockwise. 
 Moment of 10 N force about P  
 = 10 × (3 +1)x = 40x Nm anticlockwise. 
 Resultant moment = 12.8 Nm clockwise so: 

 
36 12 40 12.8

8 12.8
1.6

x x x
x
x

  



  

 The distance x is 1.6 m.  
 
5 AP = 240 ÷ 2 = 120 m 
 BS = 60 ÷ 2 = 30 m 
 Moment of tug at A about P     
 = 6000 × 120sin50 = 551 552 Nm clockwise. 
 Moment of tug at B about P  
 = 4000 × 30 = 120 000 Nm clockwise. 
 Moment of tug at R about P  
 = 5000 × 240 = 1 200 000 Nm anticlockwise. 
 Resultant moment  
 = 551 552 + 120 000 – 1 200 000 = –528 448 
 The ship rotates anticlockwise and the  
 resultant moment about P is 528 448 Nm. 
 
 
6 If drawbridge is rising, clockwise moment > anticlockwise moment 
 Let the length of the drawbridge be x

 

16000 sin 8000 cos
2

6000sin 4000cos
sin 4000
cos 6000

2tan
3

x x 
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Moments 4C 

1 a  

   
 

  

Resolving vertically:
20

Taking moments about :
3 1.5 20
       30

10 N  and  10 N
  

C D

D

D C

R R
C

R

R R

+ =

× = ×
=

⇒ = =

 

 
 b 

   
 

  

Resolving vertically:
20

Taking moments about :
2 20 0.5

      10
5N  and  15 N  

   

C D

D

D C

R R
C

R

R R

+ =

× = ×
=

⇒ = =
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1 c  
   

     
 
 

  

Resolving vertically:
20

Taking moments about :
2.5 20 1

         20
20 8 N  and  12 N  
2.5

   

C D

D

D C

R R
C

R

R R

+ =

× = ×
=

⇒ = = =

 

 
  d  

   
 

  

Resolving vertically:
20

Taking moments about :
2.7 20 1
         20

20 N  and  12.6 N  
2.

7.4
7

   

C D

D

D C

R R
C

R

R R

+ =

= ×
=

⇒ = = =

×  

 

  



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3 

2 a  

   
 

  

Resolving vertically:
10 15

         25
Taking moments about :

X Y

P

+ = +
=

 

  

15 (2 1) 10 1 2 
45 10 2
2 35

17.5
7.5 and  17.5 

Y
Y

Y
Y

X Y

× + = × + ×
= +
=
=

⇒ = =

 

 
  b 

   
   
  Resolving vertically: 

  
  

15+Y = 20+ X
Y − X = 5

 

    Taking moments about P : 

  

20 (2 1) 15 2 1 
60 30

30 
30 and  35

X
X

X
X Y

× + = × + ×
= +
=

⇒ = =
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2 c 

Resolving vertically: 
5 5 10 15

30  
25 245 

Taking moments about :

g X g g g
g

X g
P

+ = + +
=

⇒ = =

2
3

15 5 (2 3) 10 3 5 (2 2 3) 
15 25 30 35  

15 40 
2

g d g g g
gd g g g

d
d

× + × + = × + × + +
+ = +

=
=

3 

Seesaw is in equilibrium so  
clockwise moment about pivot = anticlockwise moment about pivot 

35 (2.5 ) 28 2.5  (divide both sides by 7 )
5(2.5 ) 4 2.5

5 2.5(5 4)
2.5 0.5
5

g x g g
x
x

x

− = ×
− = ×

= −

= =

Jack sits 0.5 m from B. 
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4  

  
 
 Suppose that the force required is V N acting vertically downwards at A. 
 Taking moments about the pivot (C): 

 
  

V ×1= 0.5×12g  
⇒V = 6g = 59 N  (2 s.f.) 

 

 
5  

  
 
 Let the support be x m from the broomhead. 
 Taking moments about the support: 

 

5.5 5 (0.65 ) 
5.5 5 0.65 5  

10.5 3.25 
0.31 

g x g x
x x
x
x

× = × −
= × −
=
=

 

 The support should be 31 cm from the broomhead. 
 
6 a  

   
 
  Let the tensions in the two strings be  TA and  TB  respectively.  
  Resolving vertically: 

  
10 20 30

Taking moments about point :
A BT T

A
+ = + =

 

  
 

10 1.5 20 (1.5 0.5) 4  
4 15 40

55

B

B

T
T

× + × + = ×
⇒ = +

=
 

  13.75N  and 16.25NB AT T= =  
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6 b Particle is now at C′ where AC′ = x m. 

   
  Beam is in equilibrium. 
  Resolving vertically: 

  
1.5 10 20
2.5 30

12

T T
T
T

+ = +
=
=

  

  Taking moments about A: 

  

10 (20 2) (1.5 12) 4
10 40 18 4

10 72 40
32 3.2
10

x
x

x

x

+ × = × ×
+ = ×

= −

= =

  

  The particle is now 3.2 m from A. 
 
7 BC = x m. 
 Beam is in equilibrium. 
 
 a Resolving vertically: 

  

4 40 60
5 100

20
So 4 80

4 80 9.8 784

T T g g
T g
T g
T g
T

+ = +
=
=
=
= × =

  

  The tension in the wire at C is 784 N. 
 
 b Taking moments about B: 

  

(20 5) 80 60 2.5       (divide by 20 )
5 4 7.5

4 2.5
2.5
4

0.625

g gx g g
x
x

x

× + = ×
+ =

=

=

=

  

  The distance CB is 0.625 m. 
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8 a Plank is in equilibrium. 
  Let the reactions at A and C be AR  and  
  CR  respectively. 
  Taking moments about A: 

  

15 2.5 3
2.5 5
12.5 9.8
122.5

c

c

c

g R
R g
R

× = ×

= ×

= ×

=

 

  The reaction at C is 122.5 N. 
 

b Let AD = x m 
  Let RA = RC = R  
  Plank remains in equilibrium. 
  Resolving vertically: 

  
2 45 15 60

30
R g g g
R g
= + =
=

  

  Taking moments about A: 

  

45 (15 2.5) 30 3       (divide by 15 )
3 2.5 6

3 3.5
3.5
3

1.17

gx g g g
x

x

x

+ × = ×
+ =

=

=

=

  

  The distance AD is 1.17 m (3s.f.). 
 
9 a Beam is in equilibrium. 
  Let tension in wire at C be CT  
  Taking moments about A:   

  

4.5 4 (8 30)
9 4 2402
9 8 480

8 160    as required.9 3

C

C

C

C

T W

T W

T W

T W

= + ×

= +

= +

= +

  

 
 b Let tension in wire at A be AT  

  Resolving vertically: 

  

30
8 16030 9 3

9 270 9 8 480
270 480 9

210
9

70
9 3

A C

A

A

A

A

A

W T T

W T W

W T W
W T

WT

WT

+ = +

+ = + +

+ = + +
+ − =

−
=

= −
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9 c   

  

12
8 160 12 12 70
9 3 9 3

8 (160 3) 12 (12 70 3)
480 2520 12 8

4 3000
750

C AT T
W W

W W
W W

W
W

=
×

+ = −

+ × = − × ×
+ = −

=
=

  

  The weight of the beam is 750 N. 
 
10 The lever is in equilibrium.        
  Taking moments about point where lever is attached to the wall: 

 

5 0.75sin 30 1.5cos30
5 0.75sin 30

1.5cos30
5 tan 302
5 9.8 tan 30 14.12

g F
gF

F g

F

× = ×

×
=

=

= × =

 







   

 The force F is 14.1 N (3s.f.). 
 
 
11 a The ladder is in equilibrium.       
  Resolving horizontally: 
  The reaction of the ladder on the wall at A = 60 N.  
 

b Taking moments about B: 

  

60 8sin 70 4 cos70
60 8sin 70
4 cos 70

120 tan 70

120 tan 70
9.8
33.6

mg

m
g

m
g

m

× =

×
=

=

=

=

 









  

  The mass of the ladder is 33.6 kg (3s.f.). 
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Challenge 
Let the masses of the hanging components be A, B, C, D and E kg as shown.  
 
Treating CDE as a single component and taking moments about O: 
(3A + B)g = 2(C + D + E)g 
Since all the numbers are whole, 2(C + D + E) is even, so 3A + B must be even. 
This means that A & B are either both even or both odd. 
The minimum possible value of C + D + E = 1 + 2 + 3 = 6    
So 3A + B ⩾ 12 
Maximum value of B is 5 
So 3A ⩾ 7 

i.e. A ⩾ 7
3 ⇒  A cannot be 1 or 2. 

 
Taking moments about P: 
(2C + D)g = Eg 
Smallest possible value of 2C + D is (2 × 1) + 2 = 4 
So E must be 4 or 5 
 
If E = 4 then C = 1 and D = 2  
This leaves A & B as 3 and 5. 
Either option allowed by rules above. 
2(C + D + E) = 2(1 + 2 + 4) = 14 
since 3 × 5 > 14, this means A must be 3 and B must be 5. 
To check: 3A + B = (3 × 3) + 5 = 14 
Therefore this combination works. 
 
However, best to check other possibilities: 
If E = 5 then either C = 2 & D = 1 or C = 2 & D = 1. 
First case means A & B are 3 & 4, which is not allowed as one odd and one even. 
In second case, since A cannot be 2, A = 4 and B = 2. 
Then: 
2(C + D + E) = 2(2 + 1 + 5) = 16 
3A + B = (3 × 4) + 2 = 14 
Since these are not equal, this combination does not work either. 
 
The masses, from left to right, are: 3 kg, 5 kg, 1 kg, 2 kg and 4 kg. 
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Moments 4D 

1 

Resolving vertically: 
6
Taking moments about :

A BR R
A

= +

6 2.4 4
3.6 N

So 2.4 N  

B

B

A

R
R
R

× = ×
⇒ =

=
The reactions at A and B are 2.4 N and 3.6 N respectively. 

2 Centre of mass is at C, a distance x m from A. 
The bar is in equilibrium.  
a Resolving vertically: 

3 7
10

W g g
g

= +
=

The weight of the bar is 10g N 

b Taking moments about C: 
3 7 (5 )
3 35 7
10 35

3.5

gx g x
gx g gx

x
x

= −
= −
=
=

The centre of mass is 3.5 m from A.  

3 

Let the centre of mass be x m from A.  
Taking moments about the mid-point: 
120 × (2− x) + 200 × 2 = 300 × 2

240 −120x + 400 = 600
120x = 40

⇒ x = 40
120

=
1
3

The centre of mass is 1 m3  from A. 
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4 a  

   
 
  Taking moments about C: 

  

2.5 15 2 
2.5 30  

12
118 N  (3 s.f.)  

D

D

D

T g
T g
T g

× = ×
=
=
=

 

  Resolving vertically: 

  

  

TC +TD = 15g
TC = 3g

 = 29.4 N

 

 
  b Let distance AF = x m. 

 The bar is in equilibrium.  
  Resolve vertically: 

  
2 9 15
3 24

8  and 2 16

T T g g
T g
T g T g

+ = +
=
= =

  

  Taking moments about A: 

  

9 (15 3) (8 1) (16 3.5)
9 8 56 45

19
9

2.11

gx g g g
x

x

+ × = × + ×
= + −

=

=

  

  The distance AF is 2.11 m (3s.f.). 
 
5 a Let the tensions in the ropes be  
  AT and BT respectively. 
  The plank is in equilibrium. 
  Taking moments about A: 

  

4.8 (1.4 15 ) (2.4 24 )
4.8 21 57.6

78.6 9.8
4.8

160

B

B

B

T g g
T g g

T

× = × + ×
= +

×
=

=

  

  The tension in the rope at B is 160 N. 
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5 b Centre of mass is at M, x m from A. 
 The plank is in equilibrium.  

  Resolving vertically: 

  

25 15 24
2 39 25

(39 9.8) 25
2

178.6

T T g g
T g

T

+ + = +
= −

× −
=

=

  

  Taking moments about A: 

  

(15 1.4) 24 178.6 4.8
(147 1.4) 235.2 857.28

857.28 205.8
235.2

2.77

g gx
x

x

× + = ×
× + =

−
=

=

  

  The centre of mass is 2.77 m from A (3s.f.). 
 

6 a Taking moments about C:  

   
30 5 50

150 50
3

g gx
g gx
x

× =
=
=

  

   The seesaw is in equilibrium when 
Roshan sits 3 m from C.  

 
  b Modelling the beam as uniform means that the centre of mass of the seesaw is at C, and so 

weight of the seesaw can be ignored when taking moments about C. 
  
  c Centre of mass is at C′, y m from C.  
   Taking moments about C: 

   
(30 5) 25 50 4     (divide by 5g)

30 5 40
40 30 2

5

g gx g
x

x

× + = ×
+ =

−
= =

  

   The centre of mass is 2 m to the left of C 
(towards Sophia). 
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7 The rod is in equilibrium.  
Letting DR R=  gives 5cR R=  
Resolving vertically: 

 
80

5 80
80

6

c DR R W
R R W

WR

+ = +

+ = +
+

=

  

 Taking moments about A: 

 

(6 5 ) 20 (80 10)
50 800

8050 800           (multiply by 6 and expand)
6

4000 50 4800 6
(50 6 ) 4800 4000    (divide by 2 and rearrange)

400             as required.
25 3

R R Wx
R Wx

W Wx

W Wx
x W

W
x

× + = × +
= +

+  = + 
 

+ = +
− = −

=
−

  

  
8  The rod is attached to the wall at O. 
 Let the distance from the wall to the centre of mass be x m. 
 The rod is in equilibrium. 
 Taking moments about O:     
  

 
100 80 4sin 30
100 160

1.6

x
x
x

= ×
=
=



  

 The centre of mass of the rod is 1.6 m from the wall.  
  
 
Challenge 
Let the distance from M to the beam’s centre of mass  
be x m. 
The beam is in equilibrium. 
Taking moments about M:       

( ) ( )120 cos 40 30 5sin 80

4 cos 40 5sin80
5sin80
4cos 40
1.61

x

x

x

× = ×

=

=

=

 

 





  

The centre of mass of the beam is 1.61 m from M (3s.f.). 
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Moments 4E 

1 If the rod is about to turn about D then the reaction at C is zero. 
 Taking moments about point D: 

 
0. 0

5
8 5 .8 mg

m
g × = ×
⇒ =

 

 
 
 
2 If the bar is about to tilt about C then the reaction at D is zero. 
 Let the distance  AE = x m 
 Taking moments about C: 

  

( )1 30 2
40 60 30

30 20

40

2
3

x
x

x

x

× = × −

= −
=

=

 

 The distance 2
3 mAE =  

 
3 Let the distance AE be x m. 
 If the plank is about to tilt about D then  RC = 0 
 Taking moments about D: 

  
 

 

12 0.4 32 ( 1.9) 
12 0.4 32 32 1.9 

32 4.8 60.8
65.6 
65.6
32

2.05

g g x
x

x

x

× = × −
× = − ×

= +
=

⇒ =

=

 

   E  is 2.05 m from A 
 
4 a ( )R ↑ : 

  20C DR R+ =   (1) 
  Taking moments about :C  

   
20 0.5 2

5 N  
D

D

R
R

× = ×
=  (2) 

  Substituting (2) into (1): 

   20 5
15 N

CR = −

=
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4 b Adding the weight of 12 N: 
  Taking moments about C: 

  
  

20 × 0.5 =12× 2+ RD × 2 
10 = 24 + 2RD

 

  ⇒ RD  is negative, which is impossible, therefore there is an 
anticlockwise moment about C – rod will tilt.  

 
 c Distance AE is x m. 

 The reactions at the supports are RC and RD. 
  If rod tilts about C, RD = 0. 
  Taking moments about C: 

   

12 2 20(2.5 2) 100( 2)
24 10 100 200

200 24 10
100

2.14

x
x

x

× = − + −
= + −

+ −
=

=

  

  In this case AE = 2.14 
   
  If rod tilts about D, RC  = 0.  

E must be on the other side of D, a distance y m from 
B. 

  Taking moments about D: 

   

12 (5 1) 20(2.5 1) 100
48 30 100

78
100
0.78

y
y

y

× − + − =
+ =

=

=

 

  In this case AE = 5 – 1 + 0.78 = 4.78 
  The rod will remain in equilibrium if the particle is placed between 2.14 m and 4.78 m from A. 
 
5 The reactions at the supports are RA N and RB  N. 
 When the plank tilts, RA = 0 and the man is x m from B.  
 Taking moments about B: 

  

100 (7 5) 80  
200
80

2.5

g gx

x

× − =

=

=

 

 The man can walk 2.5 m past B before the plank starts to tip.  
 
6 a Let ON = x m. 

 Let the tensions in the two wires be TM  N 
and TN  N. 

 Since beam is on the point of tipping about 
N, TM = 0. 

  Taking moments about N: 

   
3 2  4
3    as required.2

mgx mg a

x a

= ×

=
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6 b Taking moments about M: 

  ( ) ( )3 33 5 54 2 Nmg a mg a T a× + − = ×   

           

9 35 54 2
9 20 6 5

4
23 5
4

23
20

N

N

N

N

mg mg mg T

mg T

mg T

T mg

+ − =

+ −  = 
 

=

=

  

  The tension in the wire attached at N is 23
20

mg  

 
7  Let the tensions in the cables be TC N and TD N. 
  
 In the first case: 
 The beam must be on the point of tipping about C, so  
  TD = 0 
 (This is because, if TC = 0, there would be a resultant 

moment around D no matter what the value of W, and the beam would not be in equilibrium.) 
  
 Taking moments about C: 

  
180 4 3

240
W

W
× =

=
   

  
 In the second case:  
 When V is at maximum value, the beam will be on the 

point of tipping around D and TC = 0. 
  
 Taking moments about D: 

  

1 6
240 1

6
40

W V

V

× = ×
×

=

=

  

 The maximum value of V that keeps the beam level is 40 N. 
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Moments Mixed exercise 4 

1 a 

The plank is in equilibrium. 
Let the reaction forces at the supports be RB and RD. 
Considering moments about point D: 

(6 1.5 1) (100 145) (3 1.5)
3.5 245 1.5
3.5 367.5

105

B

B

B

B

R
R
R
R

× − − = + × −
= ×
=
=

The support at B exerts a force of 105 N on the plank. 

b The plank is in equilibrium. 
Resolving vertically: 

100 145
245 105
140

B D

D

D

R R
R
R

+ = +
= −
=

The support at D exerts a force of 140 N on the plank. 

c 

When the plank is on the point of tilting, the new reaction force at support B, R′B = 0 N and plank 
is again in equilibrium. The child stands a distance x m from support D. 
Considering moments about point D: 

145 100 (3 1.5)
145 150

1.03

x
x
x

= × −
=
=

The distance DF is 1.03 m. 

F 
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2  

  
 
 a Since the rod is uniform, the centre of mass is at the mid-point. 
  Taking moments about A: 

   
150 2 1 2.5,  

300 3.5  
Wx R R

Wx R
+ × = × + ×
+ =  (1) 

   

  

( ) :  150 ,  

2 150
150

2

R W R R

R W
WR

+ = +

= +
+

=

↑

  (2) 

  Sub (2) into (1) gives: 

   7 150300
2 2

WWx +
+ = ×  

  
( )

4( 300) 7 7 150
4 1200 7 1050 

1200 1050 7 4
7 4 150

150  
7 4

Wx W
Wx W

W Wx
W x

W
x

+ = + ×
+ = +
− = −

− =

=
−

 

 
 b The range of values of x are: 

   1500 and  0
7 4

x
x

≥ >
−

 

             

7 4 0 
4 7 

7
4
1.75

x
x

x

x

− >
<

<

<

⇒

 

    So 0 ≤ x <1.75 
 
3 a  

   
  The plank is in equilibrium. 
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3 a Resolving vertically: 

  

2 40 80
3 120 9.8
3 1176

392

R R g g
R
R
R

+ = +
= ×
=
=

  

  The value of R is 392 N. 
 
 b Taking moments about A: 

   

80 (40 2) 3
80 ( 1) 3 392

11761
80 9.8

1 1.5

gx g R
g x

x

x

+ × =
+ = ×

+ =
×

+ =

  

  The man stands 0.5 m from A. 
 

 c i Assuming the plank is uniform means the weight of the plank acts at its centre of mass: i.e. 
halfway along the plank. 

  ii  Assuming the plank is a rod means its width can be ignored. 
  iii Assuming the man is a particle means all his weight acts at the point at which he stands. 

 
4 a 

   
 
  

 
R ↑( ) : 

   
  

100+ R =W +150

R =W +50
 

  Taking moments about A: 

   

  

100 ×1+ (W +50)× 3.5 = 150× x 
100 +175+ 3.5W = 150x 

275+ 3.5W = 150x 
550 + 7W = 300x 

 

 
  b 

   
 
  

 
R ↑( )  
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4 b  

  

  

52 + R = 150 +W
R = 150 +W −52
 = 98+W

 

  Taking moments about B: 

   
  

52 × 3+ (98+W ) × 0.5 = 150 × (4− x)
156 + 49+ 0.5W = 600 −150x

 

  Doubling, 

     
  

410 +W = 1200 − 300x
W = 790 − 300x

 

 
 c Solving the simultaneous equations obtained in a and b: 

  

  

⇒W = 790 − (550 + 7W )
8W = 790 −550

 = 240
⇒W = 30

⇒ 410 + 30 =1200 − 300x
300x = 760

x = 2.53 (3 s.f.)

 

 
5 a 

   
  The lever is in equilibrium. 
  Considering moments about point C: 

  

(2 0.25) 100(1 0.25) 1700 0.25
1.75 75 425

425 75
1.75

200

A

A

A

A

F
F

F

F

− + − = ×
+ =

−
=

=

  

  The force at A is 200 N. 
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5 b 

The lever is again in equilibrium. Let x be the distance of the pivot from B. 
Considering moments about the new support position C′: 

150(2 ) 100(1 ) 1700
300 150 100 100 1700

400 1700 250
400 1950

0.205

x x x
x x x

x x
x

x

− + − =
− + − =

= +
=
=

The pivot is now 0.21 m from B (to the nearest cm). 

6 a Let the mass of the plank be M. Since the plank is uniform, its centre of mass is at its mid-point. 

Taking moments about C: 
48g ×1.8 = Mg × 0.2 + 36g × 2.2

86.4g = 0.2 Mg + 79.2g
86.4 = 0.2 M + 79.2 

0.2 M = 86.4 − 79.2
= 7.2

⇒ M = 36kg

b Let the distance BC be x 

Taking moments about C: 
36 36 ( 2) 48 (4 )

3 3( 2) 4(4 )
6 6 16 4

10 22
2.2 m

gx g x g x
x x x

x x
x
x

+ − = −
+ − = −

− = −
=
=
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7 a  

   
 
  Taking moments about C: 

   

  

RA × 4.5+ 30g × 0.5 = 12g × 2
RA × 4.5 = 24g −15g

 = 9g  
⇒ RA = 2g

 = 19.6 N  

 

 
 b  

    
 
 
  The plank is about to tilt about C 
  ⇒reaction at  A = 0  
  Taking moments about C: 

   

4.5 12 2 93 0.5
4.5 93 0.5 24

 22.5
5

mg g g
m

m

× + × = ×
= × −
=
=

 

 

 
8 The plank is in equilibrium.  

   
 Resolving vertically: 

  

4 50 25
5 75

15
 4 60

T T g g
T g
T g
T g

+ = +
=
=
=
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8 Considering moments about B: 
(50 2) 60 (15 4)

100 60 60
100 60 60

40
60
0.666...

g gx g
g gx g

g g gx
gx
g

x

× = + ×
= +

− =

=

=
The distance from B to C is 0.67 m (to the nearest cm). 

9 a 

Taking moments about A: 
200× 2.5 = RC × 4

RC = 125N

b 

Let the distance AD be x 
R ↑( )

2R = 500 + 200
= 700

R = 350 N
Taking moments about A: 

R× 4 = 200 × 2.5+ 500 × x
1400 = 4R

= 500 +500x
900 = 500x

x = 1.8m
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10 Distance MP = x m   
 The plank is in equilibrium. 
 Taking moments about M: 

  

6 7 50sin 55
350sin 55

6 9.8
4.8759...

gx

x

= ×

=
×

=





  

 The distance MP is 4.88 m (3s.f.).  
 
11  
 

  
 
 The ladder is in equilibrium. Let x be the distance AC. 
 Resolving horizontally: 
  RB = 200 N 
 Considering moments about A: 

  

(80 cos55 ) (20 5cos55 ) 200 10sin 55
(784cos55 ) 2000sin 55 980cos55

2000sin 55 980cos55
784cos55

2.3932...

g x g
x

x

x

× + × = ×

= −

−
=

=

  

  

 



  

 The distance AC is 2.39 m (to the nearest cm). 
 
12 a Centre of mass of beam is 5 m from C. 
  Taking moments about C:   

  

  
3000 10 (4000 5)

30000 20000
10000

g g Mgx
Mx

M
x

× = × +
= +

=
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12 b Maximum load is when x = 5 m: 

  M = 10000
5

= 2000 kg 

  Minimum load is when x = 20 m: 

  M = 10000
20

= 500 kg 

 
 c It is not very accurate to model the beam as a uniform rod. Since the beam may taper at one end, 

the centre of mass of the beam may not lie in the middle of the beam. 

 
Challenge  
1 Let x be the distance from A to the centre of mass.    
 The beam is in equilibrium. 
 Taking moments about A: 

10 cos35 (2 7cos35 ) 8 50sin 70
10 cos35 400sin 70 14 cos35

400sin 70 137.2cos35 3.2822...
98cos35

g x g
gx g

x

× + × = ×

= −

−
= =

  

  

 



The centre of mass of the beam is 3.28 m from A (3s.f.). 
 
 
2 a When force is a minimum, system is in limiting equilibrium. 
  Taking moments about P: 
   ( ) 1200AF A B PC′ ′ ′× = ×   (1)      
  Finding A′B′: 

   

2cos 20
1sin 20

2cos 20 sin 20

A B
BB

A B

′ =

′ =

′ ′∴ = +





 

   

   
  Finding PC′: 
  cos( 2 )0PC PC θ′ = +  

   
2 2 2( ) 1 0.5

1.25

PC

PC

= +

=
 

   

  
1tan

0.5
63.434...

θ

θ

=

= 

        

   1.25 cos(63.4 20)

1.25 cos83.434...

PC

PC

′ = × +

′ = ×




  

  Substituting values for A′B′ and PC′ into equation (1) 

   

( )2cos 20 sin 20 1200 1.25 cos83.434...

1200 1.25 cos83.434...
2cos 20 sin 20

69.051...

A

A

A

F

F

F

× + = × ×

× ×
=

+
=

  



     

  A horizontal force of 69.0 N at A will tip the refrigerator (3s.f.).  
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Challenge 
2 b 

When force is a minimum, system is in limiting equilibrium. 
Taking moments about P: 

( ) 1200 1.25 cos83.434...

1cos 20 1200 1.25 cos83.434...

1200 1.25 cos83.434...
cos 20

163.25...

B

B

B

B

F PB

F

F

F

′× = × ×

× = × ×

× ×
=

=



 





A vertical force of 163 N at B will tip the refrigerator (3s.f.). 
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Forces and friction 5A 

1 a i  12cos20° = 11.3N  (3s.f.)  
 
  ii 12cos70 12sin 20

4.10 N  (3s.f.)
° = °
=

 

 
  iii (11.3i + 4.10j) N 
 
 b i  5cos90° = 0N  
 
  ii 5cos 0 5cos180

5 N
− ° = °

= −
 

 
  iii − 5j N 
 
 c i  −8cos50° = −5.14 N  (3 s.f.)  
    
  ii  8cos40° = 6.13N  (3 s.f.)  
 
  iii (–5.14i + 6.13j) N 
 
 d i  −6cos50° = −3.86 N  (3 s.f.)  
    
  ii  − 6cos40° = −4.60 N  (3 s.f.)  
    
  iii (–3.86i – 4.60j) N 
 
2 a i  8cos60° − 6 = −2N  
    
  ii 8cos30 0 6.93N  (3 s.f.)°− =  
 
 b i 6cos 40 5cos 45 8.13N(3 s.f.)°+ ° =  
 
  ii 10 6cos50 5cos 45 10.3N  (3 s.f.)+ °− ° =  
 
 c i cos cos(90 ) cos sinP Q R P Q Rα β α β+ − °− = + −  
 
  ii   Pcos(90° −α )− Rcosβ = Psinα − Rcosβ  
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3 a Using the cosine rule:       

  

2 2 2

2

25 35 (2 25 35cos80 )
1850 303.88...

39.320...

R
R
R

= + − × ×

= −
=



  

  Using the sine rule: 

  

sin( 30 ) sin 80
25 39.320...

25sin 80sin( 30 )
39.320...

( 30 ) 38.765...
68.765...

θ

θ

θ

θ

−
=

− =

− =

=

 




 



  

 The resultant force has a magnitude of 39.3 N (3s.f.) and acts at 68.8° above the horizontal (3s.f.).  
 
 b Using the cosine rule:       

  

2 2 2

2

20 15 (2 20 15cos105 )
780.29...

27.933...

R
R
R

= + − × ×

=
=



  

  Using the sine rule: 

  

sin(15 ) sin105
15 27.933...

15sin105sin(15 )
27.933...

(15 ) 31.244...
16.244...

θ

θ

θ

θ

+
=

+ =

+ =

=

 




 



  

 The resultant force has a magnitude of 27.9 N (3s.f.) and acts at 16.2° above the horizontal (3s.f.).  
 
 c Using the cosine rule then the sine rule, as before:     

  

2 2 2

2

5 2 (2 5 2cos5 )
9.0761...

3.0126...

R
R
R

= + − × ×

=
=



  

  

sin( 50 ) sin 5
2 3.0126...

2sin 5sin( 50 )
3.0126...

( 50 ) 3.3169...
53.316...

θ

θ

θ

θ

−
=

− =

− =

=

 




 



  

  The resultant force has a magnitude of 3.01 N (3s.f.) and acts at 53.3° above the horizontal (3s.f.). 
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4 a Resolving horizontally: 
cos 15cos30 20cos30

3cos 35
2

B

B

θ

θ

= +

=

 

 (1) 

Resolving vertically: 
sin 15sin 30 20sin 30

5sin
2

B

B

θ

θ

= − +

=

 

(2) 

( ) ( )÷ ⇒2 1
sin 5 2
cos 2 35 3

1tan
7 3
4.7150...

B
B

θ
θ

θ

θ

= ×

=

=

2 2( ) ( )+ ⇒1 2

( )
2 2

2 2 2

2
2

3 5cos sin 35
2 2

(35 3) 25
4

3700
2

30.413...

B

B

B

θ θ
   + = +       

× +
=

=

=
B has a magnitude of 30.4 N (3s.f.) and acts at 4.72 to the horizontal (3s.f.). 

b Resolving horizontally: 
cos 25cos50 10cos30
cos 24.729...

B
B

θ
θ
= +
=

 

 (1) 
Resolving vertically: 

sin 10sin 30 25sin 50
sin 14.151...

B
B

θ
θ
= − +
=

 

(2) 

( ) ( )÷ ⇒2 1
sin 14.151...
cos 24.729...
tan 0.57224...

29.779...

B
B

θ
θ
θ
θ

=

=
=

 

2 2( ) ( )+ ⇒1 2

( )2 2 2 2 2cos sin 14.151... 24.729...

811.77...
28.491...

B

B

θ θ+ = +

=
=

B has a magnitude of 28.5 N (3s.f.) and acts at 29.8°below the horizontal (3s.f.). 
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4 c Resolving horizontally:  

  
cos 20cos 20 10cos 60
cos 13.793...

B
B

θ
θ
= −
=

 

 (1) 
  Resolving vertically: 

  
sin 10sin 60 20sin 20
sin 1.8198...

B
B

θ
θ
= −
=

 

  (2) 
   
  ( ) ( )÷ ⇒2 1  

  

sin 1.8195...
cos 13.793...
tan 0.13193...

7.5157...

B
B

θ
θ
θ
θ

=

=
=

  

   
  2 2( ) ( )+ ⇒1 2  

  

( )2 2 2 2 2cos sin 1.8195... 13.793...

193.55...
13.912...

B

B

θ θ+ = +

=
=

 

  B has a magnitude of 13.9 N (3s.f.) and acts at 7.52° below the horizontal (3s.f.).  
 
5 a  Using Newton’s second law and resolving horizontally:  

  

2cos30 5

32 5
2

3
5

F ma
a

a

a

=

=

=

=



  

  The box accelerates at 3
5

 ms−2 

 b Resolving vertically: 

  
5 2sin30

(5 9.8) 1
48

g R
R
R

= +
= × −
=



  

  The normal reaction of the box with the floor is 48 N. 
 
6 Using Newton’s second law and resolving horizontally:    

  
cos 45 10 2

20
cos 45
20 2

F ma
P

P

P

=

= ×

=

=





  

  The force P is 20 2  N. 
 
7 Using Newton’s second law and resolving horizontally:  
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20cos 25 0.5

2 20cos 25
36.252...

F ma
m

m
m

=

=

= ×
=




  

  The mass of the box is 36.3 kg. 
 
 
8 Resolving vertically:       

 

20 2 sin 60 80
2 sin 60 80 20

32 60
2

60 20 3     as required.
3

o

o

g T g
T g g

T g

gT g

+ =

= −

=

= =

  

 
 
9 Resolving vertically:  

 

2

2

2

2 12 sin 30
12 2
sin 30
20

F

F

F

= −
−

=

=



   

 Resolving horizontally: 

 

1 2

1

1

1

2 3 cos30

2 3 20cos30

20 32 3
2

12 3

F F

F

F

F

= −

= +

= +

=





  

 The forces F1 and F2 are 12 3 N and 20 N respectively. 
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Challenge 
Resolving vertically:      

  
1 2

1 2

1 2

5 cos 45 cos 60

5
22

5
22

F F
F F

F F

= +

= +

= −

 

(1) 

Resolving horizontally: 

1 2

1 2

3 sin 45 sin 60

33
22

F F

F F

= −

= −

 

    (2) 

Substituting 1 25
22

F F
= −  from (1), in (2): 

2 2

2 2

2

2

2

2

33 5
2 2

32
2 2

4 ( 3 1)
4

3 1
4( 3 1)

3 1
2 3 2

F F

F F

F

F

F

F

= − −

= +

= +

=
+

−
=

−
= −

 

Substituting 2 2 3 2F = − in (1): 

1

1

1

2 3 25
22

6 3
2

6 2 6

F

F

F

 −
= −   

 

= −

= −

 

The forces F1 and F2 are 6 2 6− N and 2 3 2− N respectively. 
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Forces and friction 5B 

1 a 

   
 b R():  

  

3 cos 20
3 9.8cos 20
27.626...

R g

 


  

  The normal reaction between the particle and the plane is 27.6 N (3s.f.). 
 
 c Using Newton’s second law of motion and R(): 

  
3 sin 20 3

9.8 sin 20
3.3517...

F ma
g a

a





 


   

  The acceleration of the particle is 3.35 ms−2 (3s.f.). 
 
2 a 

   
 b R():  

  

5 cos30
5 9.8cos30

49 3
2

42.44..

R g

 





  

  The normal reaction between the particle and the plane is 42.4 N. 
 
 c Using Newton’s second law of motion and R(): 

  

 
50 5 sin 30 5

110 9.8 5.12

F ma
g a

a



 

   

   

  The acceleration of the particle is 5.1 ms−2 
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3 3 3 4tan   so  sin    and  cos4 5 5          

 a R():  

  

0.5 cos
40.5 9.8 5

3.92

R g 

  



  

  The normal reaction is 3.92 N. 
 
 b Using Newton’s second law of motion and R(): 

  
0.5 sin 0.5

39.8 5
5.88

F ma
g a

a





 



   

  The acceleration of the particle is 5.88 ms−2 
  
4 a 

   
   
 b Since mass is moving at constant speed, the resultant force parallel to the slope is zero. 
  R(): 

  
30 6 sin15

30 (6 9.8sin15 )
14.781...

F g
F
 

  


   

  The resistance due to friction is 14.8 N (3s.f.). 
 
5 a R():         

  
3

2

5 cos30
5

9.8
0.58913...

mg

m








  

  The mass of the particle is 0.589 kg (3s.f.). 
 
 b Using Newton’s second law of motion and R(): 

  sin 30
19.8 4.92

F ma
mg ma

a





  

   

  The acceleration of the particle is 4.9 ms−2 
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6  Using Newton’s second law of motion and R():  

30cos30 5 sin 30 5
6cos30 sin 30

3 16 9.8
2 2

0.29615...

F ma
g a
g a

a



 

 

    
 


The acceleration of the particle is 0.296 ms−2 (3s.f.).

7 Since mass is moving at constant speed, the resultant force parallel 
to the slope is zero.  
We are not told whether the mass is moving up or down the slope. 
However, since the force acting down the slope is greater than the 
force acting up the slope, the particle must be moving down the 
slope.  
Hence, friction acts up the slope to balance the forces.  

R(): 
6cos50 3 sin 40

(3 9.8sin 40 ) 6cos50
15.041...

F g
F
F

 

  


The frictional force is 15.0 N (3s.f.). 

8 31 1tan  so  sin  and  cos2 23
    

Using Newton’s second law of motion and R(): 

26cos 45 sin 12 1
26 9.8 12

22
13 2 12 (4.9 1)

13 2 12 1.0821...
5.9

F ma
mg m

m m

m

m





   

  

  


 

The mass of the particle is 1.08 kg (3s.f.).
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Challenge  
 
a Using F = ma and R() for the plane inclined at   to the horizontal:

  
 sinmg ma     (1) 
  
 Using F = ma and R() for the plane inclined at ( 60 )   to the 

horizontal: 
 sin( 60 ) 4mg ma    (2) 
  
 Substituting (1) into (2) gives: 

 

sin( 60 ) 4 sin
4sin sin( 60 )
4sin sin cos60 cos sin 60

1 34sin sin cos
2 2

7 3sin cos
2 2

3tan
7

mg mg 

 

  

  

 



 

 

 

 





  

 

b 1 3tan 13.9
7
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Forces and friction 5C 

1 a i R -( )  

   

5 0 
5

 49 N  
1 497

 7 N

MAX

R g
R g

F

 



  



 

   Since the driving force is only 3 N, the friction will only need to be 3 N to prevent the block  
   from slipping, so 3 NF  . 
 
  ii Since driving force is equal to frictional force, body remains at rest in equilibrium. 
 
 b i 7 NMAXF  (from part a), and driving force is 7 N, so friction will need to be at its maximum  
   value to prevent the block from slipping, i.e. 7 NF  . 
    
  ii  is equal to the driving force of 7 N,F  so the body remains at rest in limiting equilibrium. 
 
 c i 7 NMAXF   (from part a), and driving force is 12 N, so friction will be at its maximum  
   value of 7 N. 
 
  ii Since the driving force is greater than the frictional force, there is a resultant force and the body 

accelerates. 
 
  iii R(®) 

   
2

12 7 5  
1ms

F ma
a

a 


 



 

   Body accelerates at  1ms -2  
 
 d i R -( )  

   

14 5 0 
63 N

1 637
9 N

    
    

MAX

R g
R

F R

  


 

 



 

   Since the driving force is only 6 N, the friction will only need to be 6 N to prevent the block  
   from slipping, so 6 NF  . 
 
  ii Since driving force is equal to frictional force, body remains at rest in equilibrium. 
 
 e i 9 NMAXF   (from part d), and driving force is 9 N, so friction will need to be at its maximum  
   value to prevent the block from slipping, i.e. 9 NF  . 
    
  ii  is equal to the driving force of 9 N,F  so the body remains at rest in limiting equilibrium. 
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1 f i 9 NMAXF   (from part d), and driving force is 12 N, so friction will be at its maximum  
   value of 9 N. 
 
  ii Since the driving force is greater than the frictional force, there is a resultant force and the body 

accelerates. 
 
  iii R(®) 

   
2

12 9 5  
0.6ms  

F ma
a

a 


 



 

   Body accelerates at  0.6ms -2  
 
 g i R -( )  

   
1
7

14 5 0 
35 N

35
5 N

MAX

R g
R

F R

  


 

 



 

   Since the driving force is only 3 N, the friction will only need to be 3 N to prevent the block  
   from slipping, so 3 NF  . 
 
  ii Since driving force is equal to frictional force, body remains at rest in equilibrium. 
 
 h i 5 NMAXF   (from part g), and driving force is 5 N, so friction will need to be at its maximum  
   value to prevent the block from slipping, i.e. 5 NF  . 
    
  ii  is equal to the driving force of 5 N,F  so the body remains at rest in limiting equilibrium. 
  
 i i 5 NMAXF   (from part g), and driving force is 6 N, so friction will be at its maximum  
   value of 5 N 
 
  ii Since the driving force is greater than the frictional force, there is a resultant force and the body 

accelerates. 
 
  iii R(®) 

   
2

6 5 5  
0.2ms  

F ma
a

a 


 



 

   Body accelerates at  0.2ms -2  
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1 j i R -( )  

   

 

 

14sin 30 5 0 
42 N  

1 427
6 N

MAX

R g
R

F R

   



 



 

   Considering horizontal forces: 
   Driving force 14cos30 6 0MAXF    , so 6 NMAXF F      
 
  ii Since the driving force is greater than the frictional force, there is a resultant force and the body 

accelerates. 
 
  iii R(®) 

   
2

14cos30 6 5  
1.22ms  (3 s.f.) 

F ma
a

a 


 



 

   Body accelerates at  1.22ms -2  (3 s.f.) 
 
 k i R -( )  

   

28sin 30 5 0 
35 N  

1 357
5 N  

MAX

R g
R

F R

  



 



  

   Considering horizontal forces: 
   Driving force 28cos30 5 0MAXF    , so 5 NMAXF F   
 
  ii Since the driving force is greater than the frictional force, there is a resultant force and the body  
   accelerates. 
 
  iii R(®) 

   
2

28cos30 5 5  
3.85ms  (3 s.f.) 

F ma
a

a 


 



 

   Body accelerates at  3.85ms -2  (3 s.f.)  
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1 l i R -( )
56cos45 5 0

88.6 N  (3 s.f.)

1 88.67
 12.657 N

MAX

R g
R

F R

   
 

 

 


Considering horizontal forces: 
Driving force 56sin45 12.657 0MAXF    , so 12.7 NMAXF F   (3 s.f.) 

ii Since the driving force is greater than the frictional force, there is a resultant force and the body 
accelerates. 

iii R(®) 

2

56sin 45 12.657 5
5 26.941

5.388ms

F ma
a

a
a 


  





So the acceleration is 5.39ms -2 (3 s.f.) 

2 a R -( )
20sin30 10 0 

88 N
R g

R
  


R(®)

20cos30 88 10 1 
0.083 (2 s.f.) 

F ma





   



b R -( )
R + 20cos30° - 10g = 0 

R = 80.679...N  
R(®)

20cos 60 80.679 10 0.5 
0.062  (2 s.f.) 

F ma





   



c R -( )
20 2 sin 45 10 0 

118N  
R g

R
  


R(®)
20 2 cos45° - m ´ 118 = 10 ´ 0.5 

m = 0.13 (2 s.f.)
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3 R():         

 

0.5 cos15
0.5 9.8cos15
4.7330...

R g

 


  

 Using Newton’s second law of motion and R(): 

  
0.5 sin15 0.5 0.25

(0.5 9.8sin15 ) 0.125
1.2682... 0.125

4.7330...
0.24153...

F ma
g R

R








  

  






 

 The coefficient of friction is 0.242 (3s.f.).  
 
4 R():         

 

2 cos 20
2 9.8cos 20
18.418...

R g

 


  

 Using Newton’s second law of motion (F = ma) and R(): 

  
2 sin 20 0.3 2 0.2

(2 9.8sin 20 ) (0.3 18.418...) 0.4
0.7782...

g R P
P

P

   

    


 

 The force P is 0.778 N (3s.f.). 
 
5 R():         

 
5 cos30 sin30

49 3
2 2

R g P

P

 

 
  

 Using Newton’s second law of motion and R(): 

 

 

cos30 5 sin 30 0.2 5 2

1 49 3cos30 10 5 sin 30
5 2 2

3 1 5 9.8 49 310
2 10 2 10

5 3 1 100 245 49 3

429.8704896 56.117...
7.6602...

P g R

PP g

P

P

P

   

 
     

 
  

     
 

   

 

 

 The force P is 56.1 N (3s.f.).  
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6 Resolving vertically: 

 
sin 45 10
sin 45 10

R P g
P g R

 

     (1)     
 Resolving horizontally and using F = ma: 

 
cos 45 0.1 10 0.3
cos 45 3 0.1

P R
P R

  

    (2) 
  
 Since sin 45 cos 45 , we can equate (1) and (2): 

 

10 3 0.1
1.1 10 3

(10 9.8) 3
1.1

86.3636...

g R R
R g

R

  
 

 




  

 
 Sub 86.36R   into (1): 

 
sin 45 10 86.36

(10 9.8) 86.36 16.45...
sin 45

P g

P

 
 

 
 

 The force P is 16.5 N (3s.f.). 
 
7 a v = 0 ms−1, u = 30 ms-1, t = 20 s, a = ?      

  0 30 20
20 2
30 3

v u at
a

a

 
 

   

   

  Resolving vertically:  
  R = mg 
   
  Since the wheels lock up, the force which causes the  

 deceleration is the maximum frictional force between the wheels and the track.   
  Resolving horizontally and using Newton’s second law:   

  

2
3
2
3

2
3
2

3

R m

mg m

g

g
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7 b Suppose there is an added constant resistive force of air resistance, A, where 0A   
  Resolving horizontally and using Newton’s second law: 

  

2
3

2 2
3 3

mg A m

A
g mg g





 

  
 

  So the coefficient of friction found by the second model is less than the coefficient of friction 
found by the first model. 

 
Challenge 
 
R():          

cosR mg    
 
Using Newton’s second law of motion and R(): 

sin
sin cos

(sin cos )

mg R ma
mg mg ma

g a

 
  
  

 
 
 

 

 
Since m does not appear in this expression, a is 

independent of m. 
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Forces and friction Mixed exercise 5 

1 a Resolving vertically: 
3 3sin 30

3(3 9.8) 3
2

31.998...

oR g= +

= × +

=
The normal reaction of the floor on the box is 32.0ௗN (3s.f.). 

b Resolving horizontally and using F = ma: 
3cos 60 3

0.5

o a
a
=
=

7he acceleration oI the Eo[ is 0.�ௗms−2 

2 Resolving vertically (j components): 
2 1

2 1

2 1

cos 20 cos 60 20sin 20 2
cos 20 cos 60 2 20sin 20
cos 20 cos 60 8.8404...

F F
F F
F F

− − =

− = +

− =

D D D

D D D

D D  (1) 
Resolving horizontally (i components): 

2 1

2 1

2
1

2 1

sin 20 20cos 20 sin 60 3
20cos 20 3 sin 20 sin 60
20cos 20 3 sin 20

sin 60
18.237 0.39493

F F
F F
F F

F F

+ − =

− + =

− +
=

+ =

D D D

D D D

D D

D

 (2) 

Substituting value for 1F from (2) into (1): 

2 2

2 2

2

2

8.8404 cos 20 (18.237 0.39493 )cos 60
8.8404 0.93969 9.1185 0.19746

8.8404 9.1185 (0.93969 0.19746)
17.958... 24.196...
0.7422...

F F
F F

F

F

= − +
= − −

+ = −

= =

D D

Substituting 2 24.196...F = into (2) 

1

1

18.237 (0.39493 24.196)
27.792...

F
F
= + ×
=

The forces F1 and F2 are ��.8ௗ1 and ��.�ௗ1 resSectivel\ (both to 3s.f.). 

3 a 
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3 b R():  

   

2 cos 45
2 9.8cos 45
13.859...

R g=

= ×
=

D

D  

  The normal reaction between the particle and the plane is 13.�ௗ1 (3s.f.). 
 
 c Using Newton’s second law of motion and R(): 

    
20 4 2 sin 45 2

8 sin 45
1.0703...

F ma
g a

a g
a

=

− − =

= −
=

D

D
 

                      a = 1.1 ms−2 (2 s.f.) 
 
4  Using Newton’s second law of motion and R():   

  20cos 20 5 sin10 5
4cos 20 sin10

2.0570...

F ma
g a
g a

a

=

− =

− =
=

D D

D D
 

 
 The acceleration of the particle is �.0�ௗms−2 (3 s.f.) up the slope.  
 
5 Since the box is moving at constant speed, the    
 horizontal component of the resultant force is zero.  
 Resolving horizontally:      

  

150cos 45 100cos30

150 100 3
22

50 (3 2 2 3)
2

25(3 2 2 3) N  as required.

F

F

F

F

= +

= +

= +

= +

D D

  

 
6 Resolving vertically:      
 R + 20 sin 30° = 20g 
 So R = 20g − 10 
 Resolving horizontally: 

  

( )
20cos30
20cos30 20 10

20cos30
20 10

20 3 5 3
20 9.8 10 93

R
g

g

P

P

P

=

= −

=
−

= =
× −

D

D

D
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7  3 3 4tan   so  sin    and  cos4 5 5D D D= = =     

 R():  

   
2 cos sin
8 3
5 5

R g P

R g P

D D= +

= +
  

  
 Particle moving at a constant velocity means that forces 

parallel to the slope are balanced. 
 R(): 

  ( )

cos 0.3 2 sin
4 3 8 3 6
5 10 5 5 5

40 3 8 3 60
40 9 60 24

36 9.8 7.2
49

P R g a

P g P g

P g P g
P P g g

P

D + =

§ ·+ + =¨ ¸
© ¹
+ + =

+ = −
×

= =

 

 The force P is 7.2ௗN.  
 
8  R():  

  
5sin 30 0.5 cos30

3 5
4 2

R g

gR

+ =

= −

D D

     

 Using Newton’s second law of motion and R(): 

   

0.5 5cos30 0.1 0.5 sin 30

1 3 55 3
5 4 2 2

1 3 15 3 9.8
2 20 2

3.4115...

ma F
a R g

g ga

a

a

=

= − −

§ ·
= − − −¨ ¸¨ ¸

© ¹
§ ·

= + − + ×¨ ¸¨ ¸
© ¹

=

D D

 

 The acceleration of the particle is 3.41 ms−2 (3s.f.). 
 
9 a  Since the car is travelling at constant speed, the    
  resultant force parallel to the road is zero.  
  R(): 

   

700 2150 sin10
700 (2150 9.8sin10 )
4358.7...

F g
F
F

= +

= + ×
=

D

D   

  7he air resistance� )� is ��00ௗ1 ��s.I.�. 
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9 b R():       
  

   

2150 cos10
2150 9.8cos10
20750

R g=

= ×
=

D

D  

  ( )R 0 :  
  u   ��ௗms−1, v   0ௗms−1, s   �0ௗm� a = ? 

   

2 2

2

2

2
0 22 (2 40)

22 6.05
80

v u as
a

a

= +

= + ×

= − = −

  

 A negative value for acceleration indicates deceleration (or acceleration up the slope). 
  R(): 

   
2150 sin10 2150

4358.7 20750 2150 sin10 2150 6.05          (taking  from part )
13007.5 700

20750
0.59313...

F ma
F R g a

g F
P

P

P

=

+ − =

+ − = ×
−

=

=

a

D

D   

  The coefficient of friction is 0.59 (2s.f.). 
 
 c e.g. The force due to air resistance will reduce as the car slows. 
  If the skid causes the tyres to heat, the value of ȝ is also likely to vary. 
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Challenge  
  
At the instant the cable breaks, the boat is still moving up the slope with speed 5 ms–1 

At this time, friction acts down the slope and the boat will decelerate to instantaneous rest on the 
slipway. 
 
When the boat is about to accelerate back down the slipway to the 
water, the forces acting on the boat are as shown: 
  
 
 
To show that the boat will slide back down the slipway, we need 
to show that the component of weight acting down the slope is 
greater than the limiting friction: 
 
R(): 400 cos15R g= D  
 
Calculate magnitude of limiting frictional force acting up the slope: 

 0.2 400 cos15
80 cos15
757.28...

MAXF R
g

g

P=

= ×

=
=

D

D
  

Component of weight acting down the slope 400 sin15
1014.5...

og=
=

  

757 N 1015 N Weight down slopeMAXF = � =  
Hence, boat will slide back down into the water.   
 
While the boat continues to move up the slope after the cable breaks, ȝ5 continues to act down the slope.  

 
 
 

 
 
 

Between the time when the cable breaks and the boat comes to instantaneous rest on the slipway, 
R 

 
( )

400 sin15 80 cos15 400

sin15 0.2cos15

4.4296...

o o

o o

F ma
g g a

a g

a

=

+ =

= +

=
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Challenge (cont.) 

R(): u   �ௗms−1, v = 0, a   −�.�30 ms−2, t = t1 

1

1

0 5 4.43
5 1.1287...

4.43

v u at
t

t

= +
= −

= =

During time t1 seconds, the boat has moved a distance s1 up the slope. 

2 2

2

1

2
25 2.8219 m

2 4.430

v us
a

s

−
=

= =
×

Once the boat has come to rest, frictional force acts up the slope (see the first diagram). 
R       :  

( )
400 sin15 80 cos15 400

sin15 0.2cos15

0.64321

o o

o o

F ma
g g a

a g

a

=

− =

= −

=

Distance along slipway from where cable breaks to the sea is 8 m: 
Total distance travelled by boat to reach the water 
= 8 + 2.8219 = 10.8219 m 

R       : u = 0ௗms−1, a = 0.6432ௗms−2, s = 10.8219ௗm, t = 2t

( )

( )

2

2
2 2

2
2

2

2

1
2
110.8219 0 0.64322

10.8219 0.3216

10.8219
0.3216

5.8008...

s ut at

t t

t

t

t

= +

= +

=

=

=

The boat returns to the sea t seconds after the cable snaps, where 
1 2

1.13 5.80
6.9 s    (2 s.f.)

t t t= +
= +
=
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Projectiles 6A 

In this exercise, the positive direction is considered to be downwards. 
 
1 a 5�Ļ�: uy = 0, t   �ௗs� a = g   �.8ௗms−2, s = h  
   

  

21
2

210 9.8 52
122.5

s ut at

h

= +

= + × ×

=

  

  The height h is 1��.�ௗm. 
 
 b 5�ĺ�: ux   �0ௗms−1, t   �ௗs� s = x 

  20 5
100

s vt
x
=
= ×
=

  

  7he Sarticle travels a hori]ontal distance oI 100ௗm. 
 
2 a  R�ĺ�: ux   18ௗms−1, t   �ௗs� s = x    
   

  18 2
36

s vt
x
=
= ×
=

 

  R�Ļ�: uy = 0, t   �ௗs� a = g   �.8ௗms−2, s = y 

  

2

2

1
2

10 9.8 22
19.6

s ut at

h

= +

= + × ×

=

  

  The hori]ontal and vertical comSonents oI the disSlacement are 3�ௗm and 1�.�ௗm resSectivel\. 
 
 b  2 2 236 19.6

1680.16 40.989...

d

d

= +

= =

  

  7he distance Irom the starting Soint is 41.0ௗm (3s.I.�. 
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3 R�Ļ�: uy = 0, a = g   �.8ௗms−2, s = 1�0ௗm, t = ?  
   

 

2

2

21
2

1160 0 9.82
160
4.9

40
7

s ut at

t

t

t

= +

= + × ×

=

= r

  

 The negative root can be ignored.  
 R�ĺ�: ux = U, t = 40

7 ௗs, s = 95ௗm 

 4095
7

7 95 16.625
40

s vt

U

U

=

= ×

×
= =

 

 The projection speed is 16.�ௗms−1 (3s.I.�. 
 
4 ( )R p  

 

2

2

2

16,  9.8,  ?
1
2

16 0 4.9
16 3.

0,  

1.80

265.
4

7

..
.9

s a t

s ut at

t

t

u

t

=

=

= = =

= +

= +

= =

 

 Let the speed of the projection be  
 �(R o  

 

 

140 1.807...
140

1.807...
77.475

s ut
u

u

=
= ×

=

=

 

 The speed of projection of the particle is 
 1ms  �3 s77 5 �. .f.−  
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5 Whilst particle is on the table:    
   
   

 2 20
0.1

s vt
t

t

=
= ×
=

 

 Once particle leaves the table: 
 R�Ļ� uy = 0, a = g   �.8ௗms−2, s = 1.�ௗm� t = ? 

 

21
2

211.2 0 9.82
1.22
4.9

0.49487... 

s ut at

t

t

t

= +

= + × ×

=

= r

 

 The negative root can be ignored.  
 7he total time the particle takes to reach the floor is 0.1 + 0.49   0.��ௗs ��s.I.�.  
 
6 5�Ļ� uy = 0, a = g   �.8ௗms−2, s   �ௗcm   0.0�ௗm� t = ? 
   

 

21
2

210.09 0 9.82
0.092
4.9
0.13552...

s ut at

t

t

t

= +

= + × ×

=

= r

  

 The negative root can be ignored. 
 R�ĺ�: ux   1�ௗms−1, t   0.13���«ௗs� s = x 

 14 0.13552...
1.8973...

s vt
x
x

=
= ×
=

 

 The dart is thrown Irom a Soint 1.�0ௗm �3s.I.� Irom the Eoard.  
 
7 a Once particle leaves the surface: 
  R�Ļ� uy = 0, a = g   �.8ௗms−2, s = 1.�ௗm� t = ? 
   

  

21
2

211.2 0 9.82
1.22
4.9
0.49487...

s ut at

t

t

t

= +

= + × ×

=

= r

 

  7otal travel time is 1.0ௗs� so Sarticle is in contact with the surface for 1.0 – 0.49 = 0.�1ௗs ��s.I.�. 
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7 b Considering forces acting on particle while on surface:   
  R�Ļ�� R = mg 
  
  R�ĺ��

   since 

                             � �

MAX

F ma
R ma F F

mg ma
a g

P
P

P

=
− = =

− =
= − 1

   

8se eTuations oI motion to calculate the acceleration oI the particle 
whilst on the surface:  

  s   �ௗm� u   �ௗms−1, t = 0.50513… s, a = ? 

  

( )
2

2

1
2

1� �� 0.�0�13...� 0.�0�13...2
0.12757... 2 2.5256...

0.52564...
0.12757...
�.1�01...                     � �

s ut at

a

a

a

a

= +

= × + × ×

× = −
−

=

= − 2

 

 
  Substitute (2� in �1��  

   
4.1201...
4.1201... 9.8

0.42042...

gP
P

P

− = −
− = − ×

=
  

  The coefficient of Iriction is 0.�� ��s.I.�. 
 
 c While particle is on the surface: s   �ௗm� u   �ௗms−1, t = 0.50513… s, v = U 

  
0.50513

45
0.50513...

1 � �2
1� �� �2

7.9187... 5 2.9187...

U

U

s u v t

U

=

}

+ =

=

=

= −

+

+
  

  &onsidering hori]ontal motion oI Sarticle once it has leIt the surface: 
  R�ĺ�: ux = U   �.�18� «ௗms−1, t = 0.495 s, s = x 

  02.9187...
1.4447 .

.495
..

s vt
x
x

=
= ×
=

 

  The total distance travelled = 1.����« � �   3.�� �3 s.I.� 
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Projectiles 6B 

1 a Components of velocity (3s.f.):  

1

1

25cos 40

19.2 ms
25sin 40

16.1 ms

x

y

u

u













b u = (19.2i + 16.1j) ms−1 

2 a Components of velocity (3s.f.):  

1

1

18cos 20

16.9 ms
18sin 20

6.15 ms

x

y

u

u









 

 

b u = (16.9i − 6.15j) ms−1

3 a 5 5 12tan   so  sin    and  cos12 13 13    

Components of velocity (3s.f.): 

1

1

35cos
1235
13

32.3 ms
35sin

535
13

13.5 ms

x

y

u

u











 




 



b u = (32.3i + 13.5j) ms−1

4 a 7 7 24tan   so  sin    and  cos24 25 25    

Components of velocity (3s.f.): 

1

1

28cos

26.9 ms
28sin

7.8 ms

x

y

u

u












 

 

b u = (26.9i – 7.8j) ms−1
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5  Speed is magnitude of velocity:    
  

 
2 26 9

10.816...
 



u   

The initial speed of the particle is 10.8 ms−1 (3 s.f.). 
9tan
6
56.309...








 

Particle is projected at an angle of 56.3o above the horizontal 
(3 s.f.).  

 
6 Speed is magnitude of velocity:    
  

 
2 24 5

6.4031...
 



u   

The initial speed of the particle is 6.40 ms−1 (3 s.f.). 
5tan
4
51.340...








 

Particle is projected at an angle of 51.3o below the horizontal (3 s.f.). 
 

7 a  Let the angle of projection be α    
  

  
2 2tan
3 3

33.690...

k
k





 

 
 

  The angle of projection is 33.7o (3s.f.). 
 
 b Speed = magnitude of velocity, so: 

  

     
2 2 2

2 2

2

2

3 13 3 2

9 13 9 4
117 13

9
3

k k

k k
k

k
k
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Projectiles 6C 

Unless otherwise stated, the positive direction is upwards. 
 
1 Resolving the initial velocity vertically: 
 

 R ↑( ) , 35sin 60yu = °  
 35sin 60 ,   0, 9.8, ?u v a t= ° = = − =  

   
0 35sin 60 9.8

35sin 60
9.8

 3.092...

v u at
t

t

= +
= °−

°
=

=

 

 The time the particle takes to reach its greatest height is 3.1 s (2 s.f.). 
 
2 Resolving the initial velocity vertically: 
 

 R ↑( ) , 18sin40yu = ° 
 18 sin 40 ,  9.8, 2, ?u a t s= ° = − = =  

   

2

2

1
2

 18sin 40
 3.540..

2 4.9 2
.

s ut at= +

= °
=

× − ×  

 The height of the ball above the ground 2 s after projection is  (5+ 3.5)m = 8.5m (2 s.f.). 
 
3 Taking the downwards direction as positive. 

Resolving the initial velocity horizontally and vertically: 
 ( )  32cos10xR u→ = °  

 
 R ↑( )  32sin10yu = °  

  
 a 

 R ↑( )  
  32 sin 10 ,  9.8, 2.5, ?u a t s= ° = − = =  

   

2

22.

1
2

 32sin10
 44.

5 4.9 2 5
517...

.

s ut at

× +

=

=
×

+

= °  

  The stone is projected from 44.5 m above the ground. 
 
 b ( )R →  
  32 cos10 , 2.5, ?u t s= ° = =  

   2.5 32cos10
78.785...

s vt=
= × °
=

  

 The stone lands 78.8 m away from the point on the ground vertically below where it was projected 
from. 
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4 Resolving the initial velocity horizontally and vertically 
R(→) ux = 150cos10°

R ↑( )  uy = 150sin10°

a R ↑( )
150 sin 10 ,  0,   9.8, ?u v a t= ° = = − =

 0 150sin10
150sin10

9.8
2.657. .

9 8

.

.
v u at

t

t−
= +
= °

°
=

=
The time taken to reach the projectile’s highest point is 2.7 s (2 s.f.). 

b First, resolve vertically to find the time of flight: 
R ↑( )  150 sin 10 ,  0,   9.8, ?u s a t= ° = = − =

( )

2

2

1
2

0 150 sin10 4.9
0 150sin10 4.9

150sin100 s  or  
4.9

5.316... s

s ut at

t t
t t

t t

= +

= °−

= °−

°
= =

=

[Note that, alternatively, you can consider the symmetry of the projectile’s path: 
The time of flight is twice as long as the time it takes to reach the highest point, that is 

2.657...
5.315 s]

2t ×=
=

R(→)  
150 cos10 ,  5.315,  ?u t s= ° = =

150cos10 5.315
785.250...

s ut=
= °×
=

 

The range of the projectile is 790 m (2 s.f.). 
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5 Resolving the initial velocity horizontally and vertically: 

 
  

R(→) ux = 20cos45° = 10 2

R ↑( )  uy = 20sin45° = 10 2
 

 
 a 

 R ↑( )  
  10 2, 0, 9.8, ?u v a s= = =− =  

   

 

2 2 2
0 200 19.6

200
19.6
10.204...

v u as
s

s

= +
= −

=

=

 

  The greatest height above the plane reached by the particle is 10 m (2 s.f.). 
 
 b To find the time taken to move from O to X, first find the time of flight: 
  

 R ↑( )  
  0,  9.8 ,1 ,  ?0 2u s a t= =− ==  

   ( )

2

2

1
2

0 10 2 4.9

0 10 2 4.9

10 2                  (ignore 0)
4.9

2.886... s

s ut at

t t

t t

t t

= +

= −

= −

= =

=

 

   
    R(→)  

  10 2, 2.886..,  ?u t s= = =  

  
10 2 2.886...
40.86...

m  (2 s.4 f.)1
 
 
s ut

OX

=

= ×
=

⇒ =
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6 34 cos5 5sinθ θ= ⇒ =

Resolving the initial velocity horizontally and vertically 
R(→) ux = 24cosθ =14.4

R ↑( )  uy = 24sinθ = 19.2

a R ↑( )
0,  9.8,  ?19.2,  s a tu = −= = =

( )

2

2

1
2

0 19.2 4.9
19.2 4.9

19.2                (ignore 0)
4.9
3.918...

s ut at

t t
t t

t t

= +

= −

= −

= =

=
The time of flight of the ball is 3.9 s (2 s.f.). 

b   R(→)  
14.4,  3.918,  ?u t s= = =

14.4 3.918...
56.424...

5 m  (2 s.f.)6

s ut

AB

=
= ×
=
=

7 Resolving the initial velocity vertically, 
21sinyu α=  

R ↑( ) : , 0, 9.8, 12 si 51 nu v a sα = −= = =

2

2

2

2 2 2
0 ( 2

294 2
441 3

21sin ) 9.8 15
441sin 294

sin

2sin 0.816
3

54.736
55    (nearest degree)

v u as
α

α

α

α

α

× ×

=

= =

= +

= −

= =

= °
= °
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8 a   R(→)  
  12,  3,  ?u t s= = =   

   12 3
36

s ut=
= ×
=

  

  
 R ↑( )  

  24,  ,  3,  ?u a g t s= = − = =   

   
 

21
2

 24 3 4.9 9
27.9

s ut at

× − ×
=

= +

=  

 The position vector of P after 3 s is (36 27 m.9 )+i j  
  
 b   R(→) ux =12, throughout the motion  

    
  

R ↑( )  v = u + at

vy = 24 − 9.8× 3= −5.4
  

 
  Let the speed of P after 3 s be V  ms−1 

  

2 2 2

2 2 12 ( 5.4)  
 173.16

173.16
 13.159...

x yV u v

V

= +

= + −
=

=
=

 

  The speed of P after 3 s is 13 ms−1 (2 s.f.). 
 
9 Let α  be the angle of projection above the horizontal. Resolving the initial velocity horizontally and 

vertically. 

 
  

R(→) ux = 30cosα

R ↑( )  uy = 30sinα
   

   
 
 a 

 R ↑( )  
  20,  9.8,  3.530 sin ,  s a tu α == = − − =  

  

2

2

2

3.5 4.9 3.5
4.9 3.5 20

30 3.5
0.381190...
22.4

1
2

 20 30s

0

in

si

7...

n

s ut at

α

α

α

× − ×

× −

=

×
=

=

=

=

+

−

°

 

   
  The angle of projection of the stone is  22° (2 s.f.) above the horizontal. 
 
 



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6 

9 b   R(→)  
  22.407... ,   3.5,   ?30 sin t su ° = ==   

    22.407... 3.5
97.072..
30 in

.
s

s ut=
= °×
=

 

   
  The horizontal distance from the window to the point where the stone hits the ground 
  is 97 m (2 s.f.).  
 
10 3 3 4sint , cos4an 5 5θ θ θ= ⇒ = =  

 Resolving the initial velocity horizontally and 
vertically 

 
( )

4( ) cos 5
3 sin 5

x

y

UR u U

UR u U

θ

θ

→ = =

↑ = =
   

    
 
 a   R(→)  

  ,   20,   ?4
5
Uu s t= ==  

   

420
5

25

s ut
tU

t
U

=

=

=    (1) 

  
 R ↑( )  

  3 ,   3,   ,   ?
5
Uu s a g t= = = − =   

  

2

2

1
2

33 4.9      5

s ut at

U t t

= +

= × −  (2) 

  Substituting 25t U=  from (1) into (2): 

  

2

2

2

2

25 254.9

3062.53 15

3062.5
12

 255.208...
15.975...

 16  (2 s

33

. .

5

f )

U U

U

U

U

U

× − ×

=

=

−

⇒ =

=
=
=
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10 b   R(→)  

  

25

25
15.975...
1.5649...

t
U

=

=

=

 

  The time from the instant the ball is thrown to the instant that it strikes the wall is 1.6 s (2 s.f.). 
 
11 a Resolve vertically for motion between A and B: 
  

 R ↑( )  
  4 ,   20 12 8,   ,   4u u s a g t= = − = − = − =   

   

 

2

2

2

1
2

8 4 4.9
4

4 4
.9

1
.

4
6

4 4

8

s ut at

u

u

= +

−

× −

=

=

=

×−×
 

  
 b Resolve horizontally for motion between A and B:  
    R(→)  
  5 5 4.4 22,   4,   u u t s k= = × = = =   

   22 4
88

s ut
k
=
= ×
=

 

 
 c 22xu =  ms–1 throughout the motion. 

  Resolve vertically to find yv  at C: 

  
 R ↑( )  

  4 4.4,   ,   20,   ?u a g s v= × = − = − =   

   ( ) ( ) ( )

2 2

2

2 24 4.4 9.8 20

 16 4.4 392
7

2

01.76

2y

v u as

v × + × − × −

= +
=

=

×

+

=
 

   
  Let θ  be angle that the path of P makes with the x-axis as it reaches C. 

  701.76
22

1.204...
50.291...

tan y

x

v
u

θ

θ

=

=

=
=

 

  The angle the path of P makes with the x-axis as it reaches C is  50° (2 s.f.). 
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12 Take downwards as the positive direction. 
 Resolving the initial velocity horizontally and vertically: 

 
  

R(→) ux = 30cos15°

R ↑( )  uy = 30sin15°
 

 
 a 

 R ↓( )  
  130 sin 15 , 4,  9.8,  ? u s a t== = =°  

   

2

2

2

30 sin15 4.9
4.9 30 s

1
2

in15 14 0
14

s u t

t t
t t

t a=

+

= ° +

° − =

+

 

  Using the formula for solving the quadratic,  

  

230sin15 (900sin 15 4 14 4.9)
9.8

 1.074...

t
− ° + × ×

=

= (the negative solution can be ignored) 
  The time the particle takes to travel from A to B is 1.1 s (2 s.f.). 
 
 b   R(→)  
  30 cos15 ,   1.074..,   ?u t s= ° = =   

  ( ) 30 cos15 1.074
 31.136...

s ut=

= ° ×

=

 

   

  

2 2 214 (31.136...)
1165.456...
34.138...

AB

AB
=
=

= +

 

  The distance AB is 34 m (2 s.f.). 
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13 Resolving the initial velocity horizontally and vertically 

( )
( ) cos

sin
x

y

R u U

R u U

α

α

→ =

↑ =

To get one equation in  and U α , resolve
vertically when particle reaches its maximum 
height of 42 m: 
R ↑( )

sin ,   ,   42,   0u U a g s vα= = − = =

 

2

2

2 2

2

2 2 42
sin 84  

0 sin
2

g
U

v u s
U

g

a
α

α

−

=

= +

×=

(1) 

To get a second equation in  and U α , we must resolve both horizontally and vertically to find
expressions for t when the particle hits the ground. We can then equate these expressions and 
eliminate t: 
R(→)  

cos ,   196,   ?u U s tα= = =

 196 cos
196
cos

s ut
U t

t
U

α

α

=
= ×

= (*) 

R ↑( )
sin ,   ,   0,   ?u U a g s tα= = − = =

( )
2

2

1sin 2
1sin 2

1 sin   (

1

ignore 0)2

2

i

0

2 s n

gt

t U gt

gt U t

Ut
g

s ut at

Ut α

α

α

α

−

= −

= =

= +

=

=

(**) 

(*) = (**): 

2

196 2 sin
cos

sin cos 98     

U
U g

U g

α
α

α α

=

=   (2) 

Now we have two equations in  and U α , (1) and (2), that we can solve simultaneously.
(1) ÷ (2):
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13 (cont.) 

 

2 2

2

sin 84
sin cos 98

6tan
7
40.6   (3 s.f.)

U g
U g

α
α α

α

α

=

=

= °

 

 Sub 40.6α = °  in (1): 
  sin 40.6 84        

84 9.8
sin 40.6

44    (2 s.f.)

U g

U

° =

×
=

°
=

(discard the negative square root as U is a scalar, so must be positive) 

  

14 5 5 12tan   so  sin    and  cos12 13 13α α α= = =  

 R(→): 12cos 13xu U Uα= =   

 R(↑):    5sin 13yu U Uα= =  

 
 a Resolve horizontally to find time at which particle hits  
  the ground: 
  R(→): 12

13xv u U= =  ms−1, s = 42 m, t = ?  

   

1242
13
13 42
12
91
2

s vt

Ut

t
U

U

=

=

×
=

=

 

   Resolve vertically with t = 91
2U

:  

   R(↑): uy = 5
13U , t = 91

2U
 , a = g = −10 , s = −25  

  

2

2

2

1
2

5 91 91125 10213 2 2

35 9125 5
2 2

s ut at

U
U U

U

= +

    − = × + − ×         

 − = −  
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14 a (cont.) 

  

2

2

2 2

85 915
2 2

85 91
10 2

85 4 10 91

82810
340

15.606...

U

U
U

U

 =  
 

 =  
 

× = ×

=

=

  

  The speed of projection is 15.6 ms−1 (3s.f.). 
 
 b From a: 

  

91
2

91
2 15.606...
2.9154...

t
U

=

=
×

=

 

  The object takes 2.92 s (3s.f.) to travel from A to B. 
 
 c At 12.4 m above the ground: 

    12
13x xv u U= =  ms−1 and  

   yv  is found by resolving vertically with 25 12.4 12.6 ms = − + = −   

  R(↑): uy = 5
13U , a = g = −10 , s = −12.6 m, v = yv  

   

2 2

2
2

2
2

2

5 2( 10)( 12.6)
13

5 252
13

y

y

v u as

v U

v U

= +

 = + − − 
 

 = + 
 

  

 
  The speed at 12.4 m above the ground is given by: 

   

2 2 2

2 2
2

2 2

2

12 5 252
13 13

252

15.606... 252
22.261...

x yv v v

v U U

v U

v
v

= +

   = + +   
   

= +

= +
=

  

  The speed of the object when it is 12.4 m above the ground is 22.3 ms−1 (3s.f). 
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15 a First, resolve horizontally to find the time at which object 
  reaches P: 
  R(→): v = ux = 4 , s = k , t =?  

   4

4

s vt
k t

kt

=
=

=

 

Now resolve vertically at the instant when object reaches 
P:    

  R(↑): u = uy = 5 , t = 
4
k  , a = g = −9.8 , s = −k  

   

2

2

1
2

5 1 9.8
4 2 16

9 4.9              (We have divided through by ,  since 0)
4 16

4 9
4.9

7.3469...

s ut at

k kk

k k k

k

k

= +

 
− = + − × 

 

= >

×
=

=

 

  The value of k is 7.35 (3s.f.). 
 
15 b i At P:  
    4x xv u= = ms−1 

    yv is found by resolving vertically with 7.3469...s k= − = −   

   R(↑): uy = 5 , a = g = −9.8 , s = −k , v = yv  

    

2 2

2 2

2

2
5 2( 9.8)( )

25 19.6
y

y

v u as
v k

v k

= +

= + − −

= +

 

   The speed at P is given by: 

    

2 2 2

2 2

2

4 25 19.6
41 (19.6 7.3469...)

185
13.601...

x yv v v

v k
v

v
v

= +

= + +

= + ×

=
=

 

   The speed of the object at P is 13.6 ms−1 (3s.f.). 
 
15 b ii The object passes through P at an angle α where: 

    cos

4cos
185

72.897...

xv
v

α

α

α

=

=

=

 (alternatively, tan   or  siny y

x

v v
v v

α α= =  ) 

   The object passes through P travelling at an angle of 72.9o below the horizontal (to 3s.f.). 
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16 a Let U be the speed at which the basketball is thrown.  
  Resolve horizontally to find, in terms of U, the  
  time at which the ball reaches the basket: 
  R(→): cos40xv u U= =  , s = 10 , t = ?  

   10 cos 40
10

cos 40

s vt
Ut

t
U

=

=

=





 

  
 Now resolve vertically at the instant when the ball passes through the basket:  
 R(↑): sin 40yu u U= =  , t = 10

cos 40U 
 s, a = g = −9.8 , s = 3.05 – 2 = 1.05 

  

2

2

2

2

2
2

1
2

10 sin 40 1 101.05 9.8
cos 40 2 cos 40

4901.05 10 tan 40
( cos 40 )

490( cos 40 )
10 tan 40 1.05

490
(10 tan 40 1.05)(cos 40 )
10.665...

s ut at

U
U U

U

U

U

U

= +

  = + − ×     

= −

=
−

=
−

=



 







 

 

  The player throws the ball at 10.7 ms−1 (3s.f.). 
   
 b By modelling the ball as a particle, we can ignore the effects of air resistance, the weight of the 

ball and any energy or path changes caused by the spin of the ball.   
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Challenge 
Let the positive direction be downwards. 
 
The stone thrown from the top of the tower is T, and that from the window is W. 
Let 

xTu denote the horizontal component of the initial velocity of T, and 
yWu  denote the vertical 

component of the initial velocity of W, etc. 
 
The stones collide at time t at a horizontal distance x m 
from the tower. 
For T, R(→): 20cos

xTv u α= =  ms−1, s = x, t = t 
   
For W, R(→): 12

xWv u= =  ms−1,  s = x, t = t 

20cos 12
3 4cos sin
5 5

x xT W

s vt
x u t u t

α

α α

=
= =

=

= ⇒ =

  

For T, R(↓): 20sin 16
yTu u α= = =  ms−1, a = g, 

yTs s= , 
t = t 
For W, R(↓): 0

yWu u= = , a = g, 40
W yT Ts s s= = − , t = t 

2 2 2

2

40

1 1 140         (since )2 2 2
10 16 40                      (subtracting  from each side in line above, and sub values for )2

40
16
2.5

y y

y y

W T

W T

s s

u t gt u t gt s ut at

t gt u

t

= −

+ = + − = +

= −

=

=

 

The stones collide after 2.5 s of flight. 
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Projectiles 6D 

1 At maximum height, h, the vertical component of 
velocity, vy = 0 
R(↑): sinyu u U α= = , a = −g, ,  0s h v= =

2 2

2 2

2 2

2 2

2
0 sin 2

2 sin
sin  as required.
2

v u as
U gh

gh U
Uh

g

α
α

α

= +

= −

=

=

2 Resolving the initial velocity horizontally and vertically 
R(→) ux = 21cosα

R ↑( )  uy = 21sinα

a Resolve horizontally and vertically at the point (x, y): 
R(→)

21cos ,  ,  ?xu u s x tα= = = =  

 21cos

21cos

s ut
x t

xt

α

α

=
= ×

=

 

R ↑( )
21sin ,  ,  ,  

21cosy
xu u s y t a gα
α

= = = = = −

2

2

2

2

2

2

 21sin 4.9
21cos 21cos
4.9tan

441cos

tan  as required.
9

1

c

2

0 os

x xy

xx

s ut at

xx

α
α α

α
α

α
α

   = −   
   

=

−

+

−

=

=



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2 

2 b 2
2

21 sec
cos

1 tanα α
α

≡ +≡  

  Hence ( )
2 2

2
2 1 tan

90cos 90
x x α

α
≡ +  

  Evaluating 
2

2 tan
90cos

xy x α
α

= −  when   y = 8.1,  x = 36  gives: 

  
( )
( )

2
2

2

368.1 36 tan 1 tan
90

8.1 36 tan 14.4 1 tan

α α

α α

= − +

= − +
 

        20 144 tan 360tan 225α α= − +  
    20 16tan 40 tan 25α α= − +  

    ( )20 4 tan 5α= −  

   5 tan
4

α=  

 
3 Resolving the initial velocity horizontally and vertically 

 ( )
( ) cos

 sin
x

y

R u U

R u U

α

α

→ =

↑ =
 

  
 a We find time of flight by setting 0ys =   

  
 R ↑( ) : sin ,  ,  ?0,  U a g ts u α = −= ==   

            ( )

2

21sin

1
2

s n

0 2
1i 2

s

gt

t U gt

ut at

Ut α

α

−

= −

= +

=

  

   1 sin2
2 sin    as required

gt U

Ut
g

α

α

=

=

(ignore   t = 0, which corresponds to the point of projection) 

   

 b We find range by considering horizontal motion when 2 sinUt
g

α
=   

    R(→): ,  co , 2 in sss R t
g

v U Uα α
== =   

   

2

2 sincos

2sin cos

UR U
g

R

v

U
g

s t
αα

α α

= ×

×
=

=

 

  Using the trigonometric identity  sin2α = 2sinα cosα , it follows that 

   
2 sin 2 ,  as requiredUR

g
α

=  
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3 c The greatest possible value of  sin2α  is 1, which occurs when   

   2 90
45

α
α
= °

⇒ = °
 

  Hence, for a fixed U, the greatest possible range is when  α = 45°  
 

 d 
2 2sin 2 2

5
2sin 2
5

2 23.578 ,156.422
11.79 ,  78.21

U UR
g g

α

α

α
α

= =

⇒ =

= ° °
= ° °

 

   
  The two possible angles of elevation are 12°  and 78°  (nearest degree). 
   
4 First find the time it took the firework to reach max. height.  
 R(↑):  initial velocity = v,  final velocity = 0, ,  ?a g t= − =  

   0
v u at

v gt
vt
g

= +
= −

=

  

 The two parts of the firework will take the same time to fall as the firework did to climb. 
 Considering the horizontal motion of one part of the firework as it falls: 

 R(→): u = 2v, ,  ?vt s
g

= =  

   

2

2

2

s ut
vs v
g

vs
g

=

= ×

=

 

 The other part travels the same distance in the opposite direction, so the two parts land 

 
2 2 22 2 4 m apart.v v v

g g g
+ =  
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5 a Considering horizontal motion, first find time at 
  which s x= :  
  R(→): cos ,  ,  ?xu U s x tα= = =  

   ( )cos

cos

s ut
x U t

xt
U

α

α

=

= ×

=

  

  Now consider vertical motion with 
cos
xt

U α
= to  

  find y: 

  R(↑): sinyu U α= , a = −g, ,  
cos
xt s y

U α
= =   

   

2

2

2

2 2

1
2

1sin 2cos cos

tan     as required.
2 cos

s ut at

x xy U g
U U

gxy x
U

α
α α

α
α

= +

 = × −  
 

= −

  

   
 b U = 8 ms−1, α = 40o, y = −13 m    
  

Substituting these values into the equation derived in 
a: 

   

2

2 2

2

2 2

tan
2 cos

9.813 tan 40
2 8 cos 40

gxy x
U

xx

α
α

= −

− = −
×




 

   

2

2

2

9.813 0.8391
128 0.5868

13 0.8391 0.1305
0 0.1305 0.8391 13

xx

x x
x x

− = −
×

− = −

= − −

 

  Using the formula for the roots of a quadratic equation: 
  

 

2

2

4
2

0.8391 0.8391 (4 0.1305 ( 13))
2 0.1305

0.8391 2.737
0.2609

13.702... or 7.2714...   negative root can be ignored as behind point of projection

b b acx
a

x

x

x x

− ± −
=

± − × × −
=

×
±

=

= = −

  

  The stone is 2 m above sea level at 13.7 m from the end of the pier (to 3 s.f.). 
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6 a Considering horizontal motion, first find time at    
  which s x= :  
  R(→): cos ,  ,  ?xu U s x tα= = =  

   ( )cos

cos

s ut
x U t

xt
U

α

α

=

= ×

=

  

 

  Now consider vertical motion with 
cos
xt

U α
= to  

  find y: 

  R(↑): sinyu U α= , a = −g, ,  
cos
xt s y

U α
= =   

   

( )

2

2

2

2 2

2

2 2

2 2
2

2
2

2

1
2

1sin 2cos cos

tan     
2 cos

1tan
2 cos

1but sec 1 tan  so 
cos

tan 1 tan   as required.
2

s ut at

x xy U g
U U

gxy x
U
gxy x
U

gxy x
U

α
α α

α
α

α
α

α α
α

α α

= +

 = × −  
 

= −

 = −  
 

≡ ≡ +

= − +

 

 
6 b U = 30 ms−1, α = 45o, y = −2 m  
   

Substituting these values into the equation 
derived in a:

( )

( )

2
2

2

2
2

2

2

2

tan 1 tan
2

9.82 tan 45 1 tan 45
2 30

9.82
900

9.80 2
900

gxy x
U

xx

xx

x x

α α= − +

− = − +
×

− = −

= − −

 

  

   

21 1 (4 0.0109 ( 2))
       (using the quadratic formula)

2 0.0109
1 1.043
0.0218

93.794... or 1.9582...   negative root can be ignored as behind point of projection

x

x

x x

± − × × −
=

×
±

=

= = −

  

  The javelin lands 93.8 m from P (to 3s.f.). 
 



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6 

 
6 c As shown in part a: 

  time of flight, 
cos
xt

U α
=  

   U = 30 ms−1, α = 45o, x = 93.79 m 

   
93.79 4.42

30cos45
t∴ = =  

  The javelin lands after 4.4 s. 
 
7 a R(→): cosxu U α= ms−1, s = 9 m 

   9 cos
9

cos

s vt
U t

t
U

α

α

=
= ×

=

  

  R(↑): sinyu U α= , a = −g,  

   s = 2.4 −1.5 = 0.9 m, 9
cos

t
U α

=  

  

2

2

2 2

1
2

9 910.9 sin 2cos cos
810.9 9 tan   as required.

2 cos

s ut at

U g
U U

g
U

α
α α

α
α

= +

 = × −  
 

= −

 

   

7 b 1 3 130 tan , cos and sin
2 23

oα α α α= ⇒ = = =   

  Substituting these values into the equation above: 

   

2

2

2

9 4 810.9
2 33

529.24.296

529.2
4.296
11.098...

g
U

U

U

U

×
= −

×

=

=

=

 

  When ball passes over the net:  
  R(→): vx = ux 

   
cos30

11.10cos30
9.6117...

xu U=
=
=



  

 R(↑): sin 30yu U=  , a = –g , s = 0.9 m, ?v =   

   ( )
2 2

2
2

2

2

111.10 2( 9.8)(0.9)2
30.79 17.64 13.154...

y

y

v u as

v

v

= +

= × + −

= − =
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7 b The speed at P is given by: 
2 2 2

2 29.612 13.15

105.5 10.273...

x yv v v

v

v

= +

= +

= =
The ball passes over the net at a speed of 10.3 ms−1 (3s.f).

8 a R(→): ux = k ms−1, s = x

s vt
x kt

xt
k

=
=

=

R(↑): uy = 2k ms−1, a = −g, s = y, xt
k

=

2

2

2

2

1
2

2 1
2

2  as required.
2

s ut at

kx xy g
k k

gxy x
k

= +

 = −  
 

= −

8 b i When x = R, y = 0 
Substituting these values into the equation derived in a: 

2

2

2

2

2
2

2

0 2
2

2
2

2 2

4

gRR
k

gR R
k

R kR
g

kR
g

= −

=

×
=

=

(The equation also gives a value of R = 0. This can be ignored, as it represents the value of x 
when the object is projected.)  

Therefore, the distance AB is 
24 mk

g
. 
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8 b ii When y = H, x = 
22

2
R k

g
=  

   Substituting these values into the equation derived in a: 

    

22 2

2

2 2

2

2 22
2

4 2

2

k g kH
g k g

k kH
g g
kH
g

 
= × −  

 

= −

=

 

   The maximum height reached is 
22 mk

g
. 
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Challenge 
 
If the point where the stone lands is taken as  
x = x, y = 0,    
and stone is projected from a height h m above 
the hill, then  
the equation for the hill is: 

y = h – x 
and, when y = 0 
 x = h 
For the stone, y = −h 
Using the equation for the trajectory of a 
projectile: 

 

( )

( )

2
2

2

2
2

2

2

2

tan 1 tan
2

tan 45 1 tan 45
2

gxy x
U
gxh x
U

gxh x
U

α α= − +

− = − +

− = −

    

But, from above, x = h so: 

 

2

2

2

2 2

gxx x
U

gx x
U

− = −

=
  

Ignoring the solution x = 0: 

 
2

2

2

2

gx
U

Ux
g

=

=
 

Therefore, the distance as measured along the slope of the hill, d, is given by: 

2 2

1
2

cos 45

cos 45
2 2 2          as required.

x
d

xd

U Ud
g g

=

=

= =
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Projectiles Mixed exercise 6 

1 a Resolving the initial velocity vertically 
  

 R ↑( )  42sin 45

21 2
yu = °

=

 

  , 0, 91 2 . ,2 8 ?u v a s= = − ==  

   ( )
( )

2 2

22

2

2 9.8

21 2 882 45
2 9.8 19

0 21

.

2

6

2 s

u s

s

v a

− × ×

= =

+

=

=
×

=

 

  The greatest height above the plane reached by P is 45 m. 
 
 b 

 R ↑( )  
  0,  9.8 ,2 ,  ?1 2u s a t= = − ==  

   

2

2

1
2

0 21 4.9
0

2t

s ut at

t
t

−

= +

≠
=  

   
  
t = 21 2

4.9
= 6.0609... 

  The time of flight of P is 6.1 s (2 s.f.). 
 
2 Resolving the initial velocity horizontally and vertically 

 
  

R(→) ux = 21

R ↑( )  uy = 0
 

  
 Resolve horizontally to find the time of flight:   
   R(→): 56,  21,  ?s u t= = =   

   56 21
56 8
21 3

s ut
t

t

=
= ×

= =

 

 

 Resolve vertically with 8  s
3

t =  to find h  

 
 R ↓( ) : 8,  9.80 3,  ,  s h a tu = = ==   

  ( )
1

2

2
2

84.9 34.8443
35 (2 s.f.)

0

s

h

ut at

h =

=

= +

= +  
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3 a 34 4sint , cos3an 5 5θ θ θ= ⇒ = =

Resolving the initial velocity horizontally and vertically 

( )

3( ) 15cos 15 95
4 15sin 15 125

x

y

R u

R u

α

α

→ = = × =

↑ = = × =

R(→): 9,  4,  ?u t s= = =

9 4
36

s ut=
= ×
=

 

The horizontal distance between the point of projection and the point where the ball hits the lawn 
is 36 m. 

b Let the vertical height above the lawn from which the ball was thrown be h m 
R ↑( ) : ,  9.8,  412,  s h a tu = −= = − =

2

24 4.9

1
2

12 4
30.4

30.4

s ut a

h

h

t

× − ×
= −

⇒ =

= +

− =

The vertical height above the lawn from which the ball was thrown is 30 m (2 s.f.). 

4 a Resolving the initial velocity horizontally and vertically 

( )
( ) 40cos30 20 3

 40sin 30 20
x

y

R u

R u

→ = ° =

↑ = ° =

First, resolve vertically to find the time of flight: 
R ↑( ) : 0,  9.8,  ?20,  s a tu = = − ==

2

24.9
0 (20 4.9 )

200
4.9

1
2

0 20

s ut at

t t
t t

t t

−
= −

≠ ⇒ =

= +

=

Now resolve horizontally with 20
4.9

t = to find distance AB 

R(→): 2020 3,  ,  ?
4.9

u v t s= = = =  

2020 3 141.39...
4.9

140 (2 s.f.)

s ut

AB

=

= × =

=
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4 b 
 R ↑( ) : , , 9.8, 1520 yu v v a s= = − ==  

   
( )22 2

2 2

2

2 2 2 9.8 15 106

20 3 106 1306

1306 3

2
2

6.138. .

0

.

x y

y

V u v

v u s
v

V

a
− × × =

= + = + =

= =

= +

=
 

  The speed of the projectile at the instants when it is 15 m above the plane is 36 ms−1 (2 s.f.) 
 
5 a Taking components of velocity horizontally and vertically: 

  ( )
)  cos

  sin

( x

y

R u U

R u U

θ

θ

→ =

↑ =
 

   
  First resolve vertically to find time of flight: 
  

 R ↑( ) : sin ,  ,  0,  ?u U a g s tθ= = − = =   

   ( )

( )

2

2

1
2

10 sin 2
10 sin 2

s ut at

U t gt

t U gt

θ

θ

= +

= × −

= −

 

   2 sin      (since 0 corresponds to launch)ut t
g
θ

= =  

  Let the range be R. Resolve horizontally with 2 sinut
g
θ

=  to find R: 

  2 sin) :   cos ,  ,  ( uu U s R t
g

R θθ→ = = =    

   2 sincos

2 sin cos 

s vt
UR U

g
U

g

θθ

θ θ

=

= ×

=

 

  Using the identity  sin2θ = 2sinθ cosθ  

   
2 sin 2UR

g
θ

=  

 
 b R is a maximum when  sin2θ = 1, that is when  θ = 45°  

  The maximum range of the projectile is 
2U

g
 

 c 
2 2sin 2 2

3
U UR

g g
θ

= =  

  

2
3

2 41.81 ,  (180 41.81)
20.9 ,  6

si

9.1 ,  (nearest 0.1 )

n 2θ

θ
θ

=

= ° − °
= ° ° °

⇒
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6 Taking components horizontally and vertically 
R(→)  ux = 40cos30° = 20 3

R ↑( )   uy = 40sin30° = 20

a R ↑( ) : 20,  0,  ,  ?u v a g t= = = − =

0 20 9.8
20 2.0408...
9.8

v t

t

u a
t

= =

= +
= −

The time taken by the ball to reach its greatest height above A is 2.0 s (2 s.f.) 

b Resolve vertically with 15.1 ms =  to find time of flight.
R ↑( ) : 20,  15.1,  ,  ?u s a g t= = = − =

2

2

1
2

15.1 20 4.9

s ut at

t t

= +

= −

4.9t2 − 20t +15.1= 0
t −1( ) 4.9t −15.1( ) = 0

On the way down the time must be greater than the result in part a, so   t ≠ 1
15.1 3.0816...
4.9

t⇒ = =  

The time taken for the ball to travel from A to B is 3.1s (2 s.f.) 

c R ↑( ) : 15.1,  
4.

2  ,  
9

0, yu a g t v v= = − = =

20 9.8 15.1
4.9

10.2

y

y

v u at

v ×

= −

= +

= −

2( )  0 3x xv uR → = =  
Hence: 

( ) ( )

2 2 2

2 220 3 10.2

1304.04

1304.04 36.111...

x yV u v

V

= +

= + −

=

= =

The speed with which the ball hits the hoarding is 36 ms−1 (2 s.f.).
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7 a Let downwards be the positive direction.  
  
  First, resolve vertically to find the time of flight: 
  R(↓): u = uy = 0, a = g = 10 ms−2, s = 20 cm = 0.20 m, t = ? 

   

2

2

2

1
2

10.2 0 102
0.2
5

0.2

s ut at

t

t

t

= +

= + × ×

=

=

  

   
  Let the horizontal distance to the target be x m. 
  R(→): v = ux = 10 ms−1, t = 0.2 s, s = x 

   10 0.2
2

s vt
x
x

=
= ×
=

 

  The target is 2 m from the point where the ball was thrown.  
 
 b Using the equation      
  

   
2 sin 2Range

10
U α

=   

  gives: 

   

2 10sin 2
sin 2 0.2

2 11.536... 5.7684...
or

2 168.46... 84.231...

α
α
α α

α α

=
=
= ⇒ =

= ⇒ =

  

For the ball to pass through the hole the boy must throw the ball at 5.77o or 84.2 o above the 
horizontal (both angles to 3s.f.). 

   
8  Let downwards be the positive direction. 
 3 3 4tan   so  sin    and  cos4 5 5α α α= = =  

 a R(↓): uy = 20sin 12α = ms−1, a = g = 10 ms−2, s = 10 m, t = ?  

   

2

2

2

1
2
110 12 102

0 5 12 10

12 144 (4 5 ( 10))
10

0.65472...  or 3.0547

s ut at

t t

t t

t

t

= +

= +

= + −

− ± − × × −
=

= −

 

  The negative answer does not apply, so the time taken to travel PQ is 0.65 s (2s.f.). 
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8 b First, find OQ: 
  R(→): 20cos 16xv u α= = = , s = 10 , t = 0.65472… 

   16 0.65472...
10.475...

s vt
OQ

=
= ×
=

 

  Next find TQ: 

   
9

10.475... 9
1.475...

TQ OQ= −
= −
=

 

  The distance TQ is 1.5 m (2s.f.). 
 
 c First, resolve horizontally to find the time at which the ball passes through A 
  R(→): 20cos 16x xv u α= = = , s = 9 , t = ? 

   9 16
0.5625

s vt
t

t

=
= ×
=

 

   
  Then resolve vertically with 0.5625t = to find vertical speed of ball as it passes through A   
  R(↓): uy = 20sin 12α = , a = g = 10 , vy = ? 

   12 (10 0.5625)

17.625
y

y

v u at
v
v

= +
= + ×

=

 

   
  The speed of ball at A is given by: 

   

2 2 2

2 2 216 17.625

566.64... 23.804...

x yv v v

v

v

= +

= +

= =

  

  The speed of the ball at A is 23.8 ms−1 (3s.f.). 

 
9 Let 

xPu denote the horizontal component of the initial  
 velocity of P, and 

yQu  denote the vertical component of the 
  initial velocity of Q, etc. 
 
 a  For P: R(→): 18

xPv u= =   

  30cos
xQv u α= =  

Since the balls eventually collide, these two speeds must 
be the same, so: 

   
30cos 18

18 3cos   as required.
30 5

α

α

=

= =
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9 b Since 3 4cos sin
5 5

α α= ⇒ =   

  Suppose the balls collide at a height h above the ground. 
   
  Resolve the vertical motion of both P and Q to find two equations  
  for h in terms of t. We can then equate the two to solve for t. 
   
  For P, R(↓): 0

yPu u= = , a = g, s = 32 − h, t = t  

   

2

2

2

1
2

132 0 2
132 2

s ut at

h gt

h gt

= +

− = +

= −   (1) 

  For Q, R(↑): 30sin 24
yQu u α= = = , a = −g, s= h, t = t 

   

2

2

1
2
124 2

s ut at

h t gt

= +

= −   (2) 

(1) = (2):   

  

2 21 132 242 2
24 32  

32 4=  
24 3

gt t gt

t

t

− = −

=

=

 

  The balls collide after 4
3

 s of flight. 
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Challenge 
 
The vertical motion of the golf ball is unaffected by the motion of the ship and, therefore, the time of 
flight is given by the usual equation for the time of flight of a projectile: 
 

2 sin 2 sin 60v vT
g g
α

= =


 

The absolute path of the ball is a parabola, and the horizontal component of the velocity is, as usual, 
constant. 
 
However, the ball’s horizontal speed relative to the ship is not constant: the ball appears to decelerate at 
the same rate as the ship is accelerating and the path appears to be non-symmetrical. 
 
Therefore, considering the horizontal motion of the ball: 
 

R(→): s = 250 m, a = −1.5 ms−2, 2 sin 60vt T
g

= =


s, u = vx = vcos60o ms–1 

 

( )

( ) ( )

2

2

2 2 2

2

2 2 2

2
2

3 3
2 4

1
2

2 sin 60 1.5 2 sin 60250 cos60
2

2cos60 sin 60 3 sin 60250

250 sin120 3sin 60

250 9.8
9.8 3

3849.5... 62.044...

s ut at

v vv
g g

v v
g g

g g v

v

v

= +

   
= −   

   
× ×

= −

= −

×
=

× − ×

= =

 


  

 

  

 

The initial speed of the golf ball is 62 ms–1 (to 2s.f.). 
 
 
 
[Note that the equation above can be written: 
 

 
2 23 2 sin 60 sin120250

4
v v

g g
 

+ = 
 

 

 

 
The additional term on the LHS is the distance covered by the ship during the time of flight of the ball, 
and the RHS is the usual equation for the range of a projectile.] 
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Give exact answers using 
 
sin30° = 1

2
 and

 
cos30° = 3

2
 or give decimal answers 

using your calculator. 

Applications of forces 7A 

1 a i   Q − 5cos30° = 0 
 
  ii   P − 5sin30° = 0  
 

  iii 
  
Q = 5cos30° = 5 3

2
= 4.33N  (3 s.f.)  

     P = 5sin30° = 2.5N  
 
 b i   Pcosθ +8sin40° − 7cos35° = 0  
 
  ii   Psinθ + 7sin35° −8cos40° = 0  
 
  iii cos 7cos35 8sin 40P θ °= − °  
      0.5918  =   (1) 
    

   
sin 8cos 40 7sin 35

2.113  
P θ − °

=
= °

(2) 
    
   Divide equation (2) by equation (1) 
 

   

sin 8cos 40 7sin 35
cos 7 cos35 8

2.113tan
0.5918

 3.57
74.4   (3 s.

s

f )

in 40

.

P
P

θ
θ

θ

θ

∴

°− °
=

°−

=

°

=

=
∴ °

 

 
   Substitute θ  into equation (1) 
 

   

cos 74.3569 0.5918
0.5918

cos 74.3569
 2.19 (3 s.f.)

P

P

° =

∴ =
°

=

 

 
 c i   9− Pcos30° = 0  
 
  ii   Q + Psin30° − 8 = 0  
 
 
 
 
 
 
 
 
 
 
 

Use 
  
Psinθ
Pcosθ

= tanθ  to eliminate P from 

the equations obtained in i and ii. 
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1 c iii Using result from part i, 

P =
9

cos30°

= 9× 2
3

=
9× 2

3

=
18

3
×

3
3

=
18 3

3
= 6 3 
= 10.4 N  (3 s.f.)

Substitute into result from part ii 

6 3 sin 30 8 0 
18 6 3 2

8 3 3 
2.80 N  (3 s.f.) 

Q

Q

+ °−

×

=

∴

=

= −

= −

d i   Qcos60° + 6cos45° − P = 0

ii   Qsin60° − 6sin45° = 0

iii Using result from part ii, 

6sin 45
sin 60

16
2

12
6

12
6

2 6
4.90 N  (3 s.f.)

2
3

6
6

 

Q °
=

°

= ×

=

=

=
=

×

×

Use part i to find P, then substitute into ii to find i. 

cos30° = 3
2

sin30° = 1
2

Use angles on a straight line to find Q makes an angle of 
 60° with the x-axis.

sin45° = 1
2

,  cos60° = 1
2

,  sin60° = 3
2
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1 d iii Substitute into result from part i: 
 

   
  
2 6 × 1

2
+ 6× 1

2
− P = 0 

   

  

∴P = 6 + 6
2

 = 6 + 6
2
×

2
2

 

 = 6 + 3 2  
 = 6.69 N  (3 s.f.) 

 

 
 e i   6cos45° − 2cos60° − Psinθ = 0  
 
  ii   6sin45° + 2sin60° − Pcosθ − 4 = 0  
 
  iii Using result from i: 
   sin 6cos 45 2cos 60    P θ = ° − °  (1) 
    
   Using result from ii: 
   cos 6sin 45 2sin 60 4 P θ = ° + ° −  (2) 
 
   ( ) ( ) :÷1 2   

   

sin 6cos 45 2cos60  
cos 6sin 45 2sin 60 4

3.24264tan
1.97469...

 1.64
58.7  (3 s.f.

2
 )

P
P

θ
θ

θ

θ

∴

∴

°− °
=

°+ ° −

=

=

=
°

 

   Substitute into (1): 

   

sin 58.65 6cos 45 2cos60  
3.24264

sin 58.65
3.80 N  (3 s.f.) 

P

P

P

∴

° = °− °

=
°

=

 

 
 f i   9cos40° + 3− Pcosθ −8sin20° = 0  
 
  ii sin 9sin 40 8cos 20 0P θ + °− ° =  
 
 
 
 
 
 
 
 
 
 

Use 
  
Psinθ
Pcosθ

= tanθ  to eliminate P from 

the equations after resolving 



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4 

 
1 f iii Using result from i: 
   cos 9cos 40 3 8sin 20  P θ = °+ − °  (1) 
    
   Using result from ii: 
   sin 8cos 20 9sin 40      P θ = °− °  (2) 
 
   ( ) ( ) :÷2 1  

   

sin 8cos 20 9sin 40   
cos 9cos 40 3 8sin 20

1.732tan
7.158

 0.242 
13.6  (3 s.f.) 

P
P

θ
θ

θ

θ

°− °
=

° + − °

∴ =

=
∴ = °

 

   Substitute into (2): 

   

  

Pcos13.6° = 9cos40° + 3−8sin20° 
 = 7.158 

∴P =
7.158

cos13.6°
 

 = 7.36 (3 s.f.) 

 

 
 
2 a i 

   
 
  ii ( ),    cos 60 0R Q P→ − ° =    (1) 
   ( ) ,    sin 60 4 3 0R P↑ °− =   (2) 
 
   From (2):    

   

  

P =
4 3

sin60°

 = 4 3 × 2
3

 = 8N  

 

 
 
 
 
 

 
sin60° = 3

2
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2 a ii Substitute   P = 8 N into (1): 
 

   

8cos 60  
1 8  2

 4 N

Q = °

= ×

=

 

 
 b i  

    
 
  ii ( ),    4cos 45 cos 7 0R P θ+ −→ ° =  
    cos 7 4cos 45P θ∴ = − °  (1) 
    
   ( ) ,    4sin 45 sin 0R P θ↑ °− =  
    sin 4sin 45P θ∴ = °   (2) 
 
   ( ) ( ) :÷2 1    

   

  

Psinθ
Pcosθ

=
4sin45°

7 − 4cos45°
 

∴ tanθ = 2.828
4.172

  = 0.678 
∴θ = 34.1° (3 s.f.) 

 

 
   Substitute 34.1θ = ° into equation (2): 

   

  

P =
2.828

sin34.1°
P = 5.04 N  (3 s.f.)

 

 
3 a ( )R → ,   5cos30 4.33 NP = ° =     
   
  ( )R ↑ ,   5sin 30 2.5 NQ = ° =   
   
 
  
 
 
 
 
 
 
 

 
cos60° = 1

2
 

Use 
  
Psinθ
Pcosθ

= tanθ  to eliminate P from 

the equations after resolving 
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3 b ( )R ր ,     Q −10sin45° = 0    (1)      
   
  ( )R տ ,     P −10cos45° = 0   (2) 
   
  From (2), 10cos 45  

  5 2  
 7.07 N  (3 s.f.) 

P = °

=
=

 

 
  From (1),  10sin 45  

 5 2  
 7.07 N  (3 s.f.) 

Q = °

=
=

 

 
 c ( )R ր ,     Q + 2cos60° − 6sin60° = 0   (1)   

  ( )R տ ,     P− 2sin60° − 6cos60° = 0  (2) 
 
  From (2), 2sin 60 6cos 60  

4.73 (3 s.f.) 
P
P
= °+ °
=

 

 
  From (1),  6sin 60 2cos 60  

4.20 (3 s.f.) 
Q
Q
= °− °
=

 

 
  

 
 
 
 
 
 
 
 
 
 d ( )R ր ,     8cos45° −10sin30° −Q = 0   (1) 
  
  ( )R տ ,     P+ 8sin45° −10cos30° = 0    (2) 
 
  From (2), 10cos30 8sin 45  

 5 3 4 2  
 3.00 N  (3 s.f.) 

P = ° − °

= −
=

 

 
  From (1), 8cos 45 10sin 30  

 4 2 5 
 0.657 N  (3 s.f.) 

Q = ° − °

= −
=

 

 

You may give your answers as exact answers 

using surds as 
 
cos30° = 3

2
,  

 
sin30° = 1

2
,  and  

 
sin45° = cos45° = 1

2
=

2
2

 or you may give 

answers to 3 significant figures, using a calculator. 
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3 e ( )R ց ,     8sin30° −Qcos30° = 0           (1)

( )R ր ,     P −Qsin30° − 8cos30° = 0    (2)

From (1), 8sin 30
cos 30

8 tan 30

8 3
3

4.62 N  (3 s.f.) 

Q °
=

°
= °

=

=

Substitute into (2): 
P = Qsin30° +8cos30° 

=
8 3

3
×

1
2
+8× 3

2

=
4 3

3
+ 4 3 

=
16 3

3
= 9.24 N  (3 s.f.)

tan30° = 1
3
=

3
3

sin30° = 1
2

,  cos30° = 3
2
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Challenge  
By extending the line of action of each force backwards through the centre, we can find the acute angles 
between the lines of action of each of the forces.  
 

 
 
Since the body is in equilibrium, the forces A, B and C form a closed triangle as shown below: 
 

 
 
Using the sine rule: 

sin(180 ) sin(180 ) sin(180 )
A B C

α β γ
= =

− − −
  

 
But, for any angle ( ),  sin 180 sinθ θ θ− =   
Hence, 

sin sin sin
A B C
α β γ
= =  
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Applications of forces 7B 

1 From symmetry the tension in both strings is the same. 

R ↑( )
sin 45 sin 45 5 0

2 sin 45 5  
5

2sin 45
49 2

2
34.6 N  (3 s.f.)

T T g
T g

gT

T

° + °− =
∴ ° =

=
°

=

=

2 a Let the tension in the string be   T N 

R(←)
T sin30° −10 = 0

∴T =
10

sin30°
T = 20 N

b R ↑( )
cos30 0

20cos30  (since 20 N)
20cos30

10 3

1.8 kg (2 s.f.)

T mg
mg T

m
g

g

° − =
= ° =

°
=

=

=

∴

3 Let the tension in the string be T N. 

R(→)
8 sin 0 

sin 8  ( )
T
T

θ
θ

− =
∴ = 1

R ↑( )
cos 12 0 

cos 12    ( ) 
T

T
θ

θ∴
=
=

−
2
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3 a Divide equation (1) by equation (2) to eliminate the tension T. 

   

  

T sinθ
T cosθ

=
8

12
 

∴ tanθ = 2
3

  

∴θ = 33.7° (3 s.f.) 

 

 
 b Substitute into equation (1) 
 

  

sin 33.7  8
8

sin 33.7
14.4 (3 s.f.)

T

T

° =

=
°

=

 

 
4 Let the tension in the strings be T N and S N as shown in the figure. 
 
   R(←) 

 

cos 60 cos 45 0 

0 
2 2

2 

T S
T S

T S

∴

∴

°− ° =

− =

=  (1) 
 
 

 
R ↑( )  

 

sin 60 sin 45 6 0 

3 1T 6
2 2

T S g

S g

° + ° − =

+ =  (2) 

 
 Substitute   T = S 2  from (1) into equation (2) 

 
( )

( )

3 12 6
2 2

3 1 6
2

6 2
3 1

 3 2 3 1  

 30 (2 s.f.)

S g

S g

gS

g

 
× + =  

 
 +

=  
 

=
+

= −

=

 

  

 
  
and T = 6g 3 −1( ) = 43 (2 s.f.) 
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5 a Let the tension in the string be T and the mass of the bead  
  be m. 
 

  Resolve horizontally first to find T: 
    R(→) 

  

( )
( )( )
( )

( )

cos30 cos60 2 0 
(cos30 cos60 ) 2

2
cos30 cos60

4  
3 1

4 3 1
 

3 1 3 1

4 3 1
 

2
 2 3 1 5.46 N  (3 s.f.)

T T
T

T

°− °− =
°− ° =

=
°− °

=
−

+
=

− +

+
=

= + =

∴

 
  
 b 

 
R ↑( )  

  ( )

sin 60 sin 30 0
(sin 60 sin 30 ) 

2 3 1 3 1
2 2

4 2 3

0.76kg (2 s.f.)

T T mg
mg T

m
g

g

° + °− =
= °+ °

 
= + +  

 

+
=

=

 (using ( )2 3 1T = + from part a) 

 
 c  Modelling the bead as smooth assumes there is no friction between it and the string. 
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6 Let the tension in the string be T and the mass of the bead be m.  

 a Resolve horizontally first to find T. 
    R(→)  

   

( )

2 cos 60 cos30 0 
(cos 60 cos30 ) 2

2
cos 60 cos30

4
1 3

4 3 1    (to rationalise the denomiator)
1 3 3 1

 2 3 1  

 1.46 (3 s.f.)  

T T
T

T

− °− ° =
°+ ° =

∴ =
°+ °

=
+

−
= ×

+ −

= −

=

 

   
 b 

 
R ↑( )  

    

( ) ( )

( )

( )

2

sin 60 sin 30 0
(sin 60 sin 30 ) 

3 1 2 3 1   (using 2 3 1  from )
2 2

 3 1

 4 2 3 

4 2 3
 

 0.055kg 55g 

T T mg
mg T

T

m
g

° − °− =
= °− °

 
= − − = −  

 

= −

= −

−
=

= =

a

 

 

7 12 12 5sin  and cos
5 13

tan
13

θ θ θ= ⇒ = =  

 Let the normal reaction be R N. 
 
 a   R(→)  

  

cos 1 0
1

cos
13 
5

2.6 

P

P

P

θ

θ

− =

∴ =

=

=
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7 b R ↑( )
sin 2 0

sin 2 
122.6 2 
13

2.4 2 
4.4

R P
R P

θ
θ

− − =
∴ = +

= × +

= +
=

8 a Consider the particle of mass 2m kg first, as it has only two forces 
acting on it. This enables you to find the tension. 

R ↑( )
T − 2mg = 0

∴T = 2mg

Consider the particle of mass m kg: 
R(→)

0 
2  
19.6

T F
F T mg

m

− =
∴ = =

=

R ↑( )
R− mg = 0
∴R = mg

= 9.8m

b Let 'T  be the new tension in the string. 

Consider the particle of mas 2m kg: 
R ↑( ) : ' 2T mg=

Consider the particle of mass m kg: 
R(→)

'cos30 ' 0

3' 2
2

3  
17  (2 s.f.)

T F

F mg

mg
m

°− =

=∴ ×

=
=

R ↑( )
' 'sin 30 0

' 'sin 30 
12    (using ' 2 )2

0

R T mg
R mg T

mg mg T mg

+ − =
=

= − × =

∴ −

=
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9 Let the normal reaction be R N. 
 
 ( )R ր : 

 

2 sin 45 0
2 sin 45  

 2  
 14 N  (2 s.f.) 

P g
P g

g

− ° =
∴ = °

=
=

 

  
10 Let the normal reaction be R N. 
 
 ( )R ր : 

 

cos 45 4 sin 45 0
4 sin 45

cos 45
 4  
 39 (2 s.f.) 

P g
gP

g

° − ° =
°

=
°

=
=

∴
 

 
11 a Let the normal reaction between the particle P and the plane be R N. 
  Let the tension in the string be T N. 
  
  Consider first the 5 kg mass. 
  
  

 
R ↑( )  

  
  

T −5g = 0 
∴T = 5g

 

  
  Consider the 2 kg mass. 
  ( )R տ  

  

2 cos 0 
42
5

8
5

16 N  (2 s.f.) 

R g

R g

g

θ− =

= ×

=

=

 

 
 b ( )R ր  

  

2 sin 0
2 sin

35 2    (using 5  from above)5
19 

5
 37 N  (2 s.f.) 

T F g
F T g

g g T g

g

θ
θ

− − =
= −

= − × =

=

=

 

 c Assuming the pulley is smooth means there is no friction between it and the string.  
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12 Let the normal reaction be R N.  

 First, resolve along the plane to find P as it is the only unknown when  
 resolving in that direction. 
 
 ( )R ր  

 

cos30 5cos 45 20sin 45 0 
5cos 45 20sin 45  

cos30
2 2 2 5  20

2 2 3

25 2 
3

25 6 
3

 20.4 (3 s.f.) 

P

P

° − °− ° =
°+ °

∴ =
°

 
= × + × ×  
 

=

=

=

 

 
  ( )R տ  

  

sin 30 5sin 45 20cos 45 0

25 620cos 45 5sin 45 sin 30    (as ) 
3

15 25 6  
62

45 2 25 6  
6

 0.400 (3 s.f.) 

R P

R P P

R

+ °+ °− ° =

= °− °− ° =

= −

−
=

=
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Applications of forces 7C 

 
1 Let the normal reaction be R N, the friction force be F N and the coefficient 

of friction be µ. 

 Resolve horizontally to find F, vertically to find R and  
 use  F = µR  to find µ: 

 
   R(→) 

 
  

8cos20° − F = 0 
∴F = 8cos20° 

 

 

 
 R ↑( )  

 
  

R +8sin20° − 2g = 0 
∴R = 2g −8sin20°

 

 
 As the book is on the point of slipping the friction is limiting: 
  F = µR  

 

  

∴µ = F
R

 

 = 8cos20°
2g − 8sin20°

 = 7.518
16.86

 = 0.446 (3 s.f.) 

 

   
2 Let the normal reaction be R N, the friction force be F N and the coefficient 

of friction be µ. 
  
   R(→): 6cos30 0

6cos30

3 3 5.20 (3 s.f.) 

F
F

° − =
= °

= =

 

 
 R ↑( ) : 6sin 30 4 0

6sin 30 4  
 3 4 9.8 
 42.2

R g
R g

− °− =
= °+
= + ×
=

 

   
 As the block is on the point of slipping 

 

 

 0.123 (3 s.f.)

F R
F
R

µ

µ

=

∴ =

=
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3 Let the normal reaction force be R and the friction force be F. 
 
 a Resolve horizontally to find the magnitude of the friction force necessary  
  to maintain equilibrium: 
    R(→) 

  
3cos 60 0

3cos 60  
1.5 N 

F
F
F

° − =
= °
=

∴  

 
 b Resolve vertically to calculate R and hence Rµ : 
  

 
R ↑( )  

  

3sin 60 10 0
10 3sin 60  

3 3 10
2

 7.40 (3 s.f.) 
0.3 7.40 

 2.22 (3 s.f.) 

R
R

Rµ

+ °− =
= − °

= −

=

∴

×∴ =
=

 

 
  Since 1.5 N 2.2 NF Rµ= < = , the friction required to maintain equilibrium is not limiting friction. 
 
4 a Let the normal reaction be R N and the friction force required to maintain  
  equilibrium be F N. 
  Let the mass of the books be m kg. 
 
    R(→) 

  
147 0 

147 N
F
F

− =
∴ =

 

 
  

 
R ↑( )  

  
  

R−10g −mg = 0 
∴R = 10g +mg

 

 
  As the equilibrium is limiting,  F = µR  

  

147 0.3(10 ) 
147 3 0.3  

147 3  
0.3

 40 kg

g mg
g mg

gm
g

= +
= +

−
∴ =

=

 

 
 b The assumption is that the crate and books may be modelled as a particle. 
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5 a Let R be the normal reaction and F be the force of friction when P acts 
downwards. 

R(→)
Pcos45° − F = 0

∴F = Pcos45°

R ↑( )
R − Psin45° − 2g = 0

∴R = Psin45° + 2g

As the equilibrium is limiting,  F = µR

cos 45 0.3( sin 45 2 ) 
(cos 45 0.3sin 45 ) 0.6

0.6
cos 45 0.3sin 45
6 2

7
11.9 N  (3 s.f.)

P P g
P g

gP

g

∴ ° = °+
°− ° =

∴ =
°− °

=

=

b Let 'R  be the normal reaction and 'F  be the force of friction when P acts upwards. 

R(→)
cos 45 ' 0 

' cos 45
P F

F P
° − =

=∴ °

R ↑( )
' sin 45 2 0 

' 2 sin 45
R P g

R g P
+ °− =

= −∴ °

As the equilibrium is limiting,  F = µR

cos 45 0.3(2 sin 45 ) 
(cos 45 0.3sin 45 ) 0.6

6 2
13

6.40 N  (3 s.f.)

P g P
P g

gP

∴ ° = − °
° + ° =

∴ =

=

Resolve horizontally and vertically to  
find F and R, then use the condition for 
limiting friction. 
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6 Let R be the normal reaction and F be the force of friction required to maintain equilibrium. 
  
 Since the particle is on the point of slipping up the plane, the force of  
 friction acts down the slope. 
  
 ( )R ր  

 
3 0.3 sin 30 0

3 0.3 sin 30  
 1.53 N

F g
F g

− − ° =
∴ = − °

=
 

 
 ( )R տ  

 
0.3 cos30 0

0.3 cos30  
 2.546 N

R g
R g

− ° =
∴ = °

=
 

 
 As the particle is on the point of slipping,  F Rµ=  
 

 

1.53 2.546 
1.53  
2.546

 0.601 (3 s.f.) (accept 0.6) 

µ

µ

∴ = ×

∴ =

=

 

 
7 Let R be the normal reaction and F be the force of friction required to maintain equilibrium. 
  
 Since the particle is on the point of slipping up the plane, the force of  
 friction acts down the slope. 
 
 a ( )R տ  
    R −1.5g cos25° = 0  

  
1.5 cos 25 0

1.5 cos 25
 13.3 N  (3 s.f.)

R g
R g

− ° =
∴ = °

=
 

 
 b ( )R ր  

  
1.5 sin 25 0 

1.5 sin 25  
X F g

X F g
− − ° =

= + °  (1) 
 
  The particle is in limiting equilibrium, so  F Rµ=  
  0.25 13.3227 

 3.3306... 
F∴ = ×
=

 (using 13.3 NR =  from a) 

   
  Sub 3.33 NF =  into (1): 
 

  
3.33 1.5 sin 25  

 9.54 N  (3 s.f.) 
X g= + °
=
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8 Let the normal reaction be R and the friction force be F acting down the plane. 
  
 a ( )R տ  

  
20sin 30 1.5 cos30 0

20sin 30 1.5 cos30  
 22.7 (3 s.f.)

R g
R g

− °− ° =
∴ = °+ °

=
 

  The normal reaction has magnitude 22.7 N or 23 N (2 s.f.). 
 
 b ( )R ր  

  
20cos30 1.5 sin 30 0

20cos30 1.5 sin 30  
 9.97 (3 s.f.) 

F g
F g

° − − ° =
= ° − °
=

∴  

 
  The friction force has magnitude 9.97 N and acts down the 

plane. 
  
 c Minimum possible value of µ  occurs when frictional  
  force required to maintain equilibrium is Rµ : 
  

  
9.9705... 22.730...    (using  from  and  from )

22.730...
9.9705...
0.43863...

F R
F R

µ
µ

µ

=
= ×

=

=

b a
  

   
  The coefficient of friction must be at least 0.439 (3s.f.) to prevent the block sliding. 

  

If you are told the particle is in 
equilibrium, but not told which 
way the particle is about to slip, 
then draw a diagram showing all 
the forces acting on the particle, 
with friction acting down the 
plane. 
 
Resolve forces parallel to  
the plane. If   F > 0 then you 
have chosen the correct 
direction. If   F < 0 then you 
know friction acts up the plane. 
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9 Let the normal reaction be R and the friction force be F acting down the plane. 
 a  

  ( )R տ   

  

sin 40 3 cos 40 0 
sin 40 3 cos 40  

R X g
R X g

− °− ° =
= ° + °  (1) 

 

  ( )R ր  

  

cos 40 3 sin 40 0 
cos 40 3 sin 40

X F g
F X g

° − − ° =
= °− °  (2) 

 
  As the friction is limiting, F Rµ=   
  Using F from (2) and R from (1) gives: 
 

  

cos 40 3 sin 40 0.3( sin 40 3 cos 40 ) 
cos 40 0.3 sin 40 0.9 cos 40 3 sin 40  
(cos 40 0.3sin 40 ) 0.9 cos 40 3 sin 40

0.9 cos 40 3 sin 40
cos 40 0.3sin 40

25.65 
0.5732
44.8 N (3 s.f.)

X g X g
X X g g
X g g

g gX

X

° − ° = °+ °
°− ° = °+ °
°− ° = °+ °

° + °
=

°− °

=

=  
 
   
 b Substituting 44.8 NX = into equation (1) gives 
 

  

44.8 sin 40 3 cos 40  
51.3 N  (3 s.f.)

R g= × °+ °
=  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7 

10  Let the normal reaction be R and the friction force be F acting up the plane. 
 
  The friction acts up the plane, as the sledge is on the point of slipping down the plane. 
 

  ( )R ր
 

  22 sin 35 0T F g+ − ° =    (1) 
 

  ( )R տ
 

  

22 cos35 0 
22 cos35  
176.6 N 

R g
R g
R

− ° =
∴ = °

=  
   
  As the friction is limiting, F Rµ=    

  

0.125 176.6 
 22.1 N  (3 s.f.) 

F∴ = ×
=  

 
  Substituting 22.1 NT =  into equation (1) gives: 
 

  

22 sin 35 22.1
 101.6 
 102 N (3 s.f.)

T g= °−
=
=  

 
11 ( )R տ           

 
0.5 cos 40 sin 20 0

0.5 cos 40 sin 20
R g T

R g T
− + =

= −

 

 
   

  
 MAXT  occurs when the particle is on the point of moving up the plane. 

At this point, limiting friction F Rµ=  acts down the plane:  
 
( )R ր  

( )
MAX

MAX

MAX MAX

MAX

cos 20 0.5 sin 40 0
1cos 20 0.5 sin 40 0.5 cos 40 sin 20 0 
5

cos 20 0.2 sin 20 0.5 sin 40 0.1 cos 40

0.5 sin 40 0.1 cos 40
cos 20 0.2sin 20

3.8690...

T g F

T g g T

T T g g
g gT

− − =

− − − =

+ = +

+
=

+
=
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11 MINT occurs when the particle is on the point 
of moving down the plane. 
At this point, limiting friction F Rµ=  acts up the plane: 

( )R ր

( )
MIN

MIN

MIN MIN

MAX

cos 20 0.5 sin 40 0
1cos 20 0.5 sin 40 0.5 cos 40 sin 20 0 
5

cos 20 0.2 sin 20 0.5 sin 40 0.1 cos 40

0.5 sin 40 0.1 cos 40
cos 20 0.2sin 20

2.7533...

T g F

T g g T

T T g g
g gT

− − =

− + − =

− = −

−
=

−
=

 

   

   

 

 

T lies between 2.75 N and 3.87 N (both values to 3s.f.). 

12 ( )R տ
10sin 20 cos 40 0

cos 40 10sin 20
4.087 

R g
R g

+ °− ° =
= °− °
=

( )R ր
10cos 20 sin 40 0

10cos 20 sin 40
3.0976... 

F g
F g

° − − ° =
= °− °
=

As the friction is limiting, F Rµ=

3.0976
4.087

0.758    (3 s.f.)

F
R

µ∴ =

=

=
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13 3 3 4tan   so  sin    and  cos4 5 5θ θ θ= = =

Before P is applied, the particle will be on the  
point of moving down the slope and the limiting 
frictional force therefore acts up the slope:  
( )R տ

2 cosR g θ=

( )R ր

Max2 sin
2 sin
2 sin 2 cos

tan
3
4

g F
g R
g g

θ
θ µ
θ µ θ
µ θ

µ

=
=
= ×
=

=

After applying the max value of P that will allow the  
particle to remain in equilibrium, particle is on the point  
of moving up the slope. Therefore, the frictional force acts down the slope. 
( )R տ

2 cos sinR g Pθ θ′ = +

( )R ր

( )

Maxcos 2 sin
cos 2 sin
cos (2 cos sin ) 2 sin

(cos sin ) 2 cos sin

4 3 3 3 4 32 9.8
5 4 5 4 5 5

0.35 23.52
67.2 N

P F g
P R g
P g P g

P g

P

P
P

θ θ
θ µ θ
θ µ θ θ θ

θ µ θ µ θ θ

= +
′= +

= + +

− = +

   − × = × × × +   
   

=
=

So max. P is 67.2 N 
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Applications of forces 7D 

1 a Suppose that the rod has length 2a. 
   
  Taking moments about A: 

  

cos30

32 80
2

2

2

80

34.
0

6 N
3
 

a

T

T

aT ×

= ×

=
=

q=

 

  
   ( )R o , sin 30 10 3 17.3 NF T= q = =  
 
   ( )R n , cos30 80

80 20 3 3
2

 50 N

T R

R ×

q =

=

+

= −

 

 
  In order for the rod to remain in equilibrium, we must have   F RP :  

 

10 3  50

10 3        
50
3       

5

P

P

P

×





 

  minimum 0.35 (2 s.f.)P? =  
   
  So T = 34.6 N, F = 17.3 N, R = 50 N, minimum ȝ  = 0.35 
 
 b Reaction at floor will be resultant of R and F 
  Magnitude = 2 250 17.3 53 N (2 s.f.)+ =   

  Angle above horizontal = 1 50tan 71  (2 s.f.)
17.3

− § · = q¨ ¸
© ¹
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2 Let A be the end of the ladder on the ground. 
 Let F be the frictional force at A. 
 
 a Taking moments about A: 

  

2.5cos 65 5sin 65
25 cos 65

5sin 65

10

5
tan 65
22.8 N

S
gS

g

g × q = × q
q

=
q

=
q

=

  

   
 b ( )R o ,   22.8 NF S= =  

  ( )R n ,   10 98 NR g= =  
 
 c To ensure ladder remains in equilibrium, we must have  

  
 

22.8  98
      0.233 (3 s.f.)

     F RP
P

P
×





 

 
 d The weight is shown as acting through the midpoint of the ladder because of the assumption that 

the ladder is uniform.  
 
3 Let the ladder have length 2a, and be inclined 
 at  to the horizontal. 
 
 a ( )R n ,    30R g=  
  Taking moments about A: 

  

cos 2 sin 2 cos
20 cos 2 sin 60 cos     (using 30 )

2 si

20

n 40 cos
20
tan

a F a R a
g F g R g

F g
gF

g T T T
T T T

T T

T

× + × = ×
+ = =

=

=

 

  The ladder is on the point of slipping, so F RP=  

  

20 3 30
tan 4

82 4tan 3 3 9
41.6

g g
T

T

T

= ×

? = × =

? = q

 

   
  

N is the normal reaction at A, 
R is the normal reaction at B, 
F is the frictional force at B. 
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3 b ( )R n ,    30R g=  
  ( )R o ,   0N F

N F
− =

=

  

   
  Taking moments about B: 

  

cos 2 sin
cos 2 sin

10 cos
sin

10
ta

0

n

20
2

a N a
a F a

g

gF

g
g

F

T T
T T

T
T

T

× = ×
× = ×

=

=

 

  The ladder is on the point of slipping, so F RP=  

  

10 3 30
tan 4

4tan 9
24.0

g g
T

T

T

= ×

=

= q

 

   
 c The assumption that the wall is smooth means there is no friction between the ladder and the wall. 
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4 a Suppose that the boy reaches the point B, a distance x from A,  
  whilst the end of the ladder is still in contact with the ground. 
 
  ( )R o , F N=  

  ( )R n ,   50R g=  
 
  Taking moments about A: 

  

4cos 30 cos 8sin
80 30 8 tan

80 30
8 tan

80 30   (since tan 2)
16

80 30    (since )
16

80 30    (in limiting equilibrium)
16

80 300.3 50
16

240 80 30
15  m
3

20 g x N
g gx N

g gxN

g gxN

g gxF F N

g gxR

g gxg

g

x

x

T T T
T

T

T

P

× + × = ×
+ =

+
=

+
= =

+
= =

+
=

+
× =

= +

=

 

   
 b i The ladder may not be uniform. 
 
  ii There would be friction between the ladder and the wall. 
 
5 Let: 
 S be the normal reaction of the rail on the pole at C, 
 R be the normal reaction of the ground on the pole at A, 
 F be the friction between the pole and the ground at A. 
  be the angle between the pole and the ground.  
 
 From the diagram,  

  and hence 
9 4 5cos
3 3

T −
= =  

 
 a Taking moments about A: 

  

4.5 4

12 5
3

4 5

8 5 N

s

9

3coS

S

T=

=

=

=

×
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5 b ( )R o  

  

sin

8 5 2
9 3

16 5
27

F S T=

= ×

=

 

   
  ( )R n  

  

4

8 5 54
9 3

404
27

68
27

cos

R

R S T =

= − ×

= −

=

+

 

Pole is in limiting equilibrium, so F RP=  

  

16 5 68
27 27

16 5
68

4 5
17

0.526 (3 s.f.)

P

P

= ×

? =

=

=

 

 
 c The assumption that the rail is smooth means there is no friction between the rail and the pole. 
 
6 Suppose that the ladder has length 2a and weight W. 
 Let: 
 S be the normal reaction of the wall on the ladder,  
 R be the normal reaction of the floor on the ladder, 
 F be the friction between the floor and the ladder. 
 X be the point where the lines of action of W and S meet. 
 
 Taking moments about X:  

 
2 sin cos

2 sin cos
a F R a

F R
T T

T T
× = ×

=  (1) 
 
 The ladder is in limiting equilibrium, so F RP=  
 
 Substituting F RP= in (1): 

 

2 sin cos
2 sin cos
2 sin 1

cos
2 tan 1

R RP T T
P T T
P T

T
P T

=
=

=

=
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7 Let: 
 N be the normal reaction of the drum on the ladder at P,  
 R be the normal reaction of the ground on the ladder at A, 
 F be the friction between the ground and the ladder at A. 
 
 Taking moments about A:  

 

20 3.5cos35 5
20 3.5cos35

5
14 cos35

g N
gN

g

× q =
× q

=

= q

 

 ( )R n   

 
cos35 20

20 14 cos35 cos35
103.9..

 

.N

N R g
R g g

q + =
= − q× q
=

 

 ( ) R o  

 
sin 35

14 cos35 sin 35
64.46...N

F N
g

= q
= q× q
=

 

 
   F RP  to maintain equilibrium: 

 

2

2

14 cos35 sin 35 (20 14 cos 35 )
14cos35 sin 35
20 14cos 35

0.620 (3 s.f.)

g g gP

P

P

q q d − q
q q

t
− q

t

 

 Least possible P  is 0.620 (3 s.f.) 

 
8 Let: 
 R be the reaction of the ground on the ladder 
 F be the friction between the ground and the ladder 

S be the reaction of the wall on the ladder 
G be the friction between the wall and the ladder. 

 X be the point where the lines of action R and S meet. 
 
 Suppose that the ladder has length 2a and weight W. 
 
 As the ladder rests in limiting equilibrium,  and  
 
 Taking moments about X: 

 
cos 2 sin 2 cos

2 tan 2
W a F a G a

W F G
T T T

T
× = × + ×

= + (1) 
  

 ( )
( ),  

,  

  

  R W G

S

R

R Fo

=

=

n +
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8 Substituting for W and F in equation (1): 
  

         1

1

tan 2
t n

2
2 a

R GG
R R
R

G
P T
P T

+
−
+

=
=

 

 1 2 1

1 2

1

2 tan
1Hence tan

2

R R RP P P T
P P T
P

− =
−

=

 (Since 2 2 2 1G S F RP P P P= = = ) 

 
9 Let:           
 A and B be the ends of the ladder. 
 P be the normal reaction of the wall on the ladder at B,  
 R the normal reaction of the ground on the ladder at A 
 F be the friction at between the ladder and the ground at A 
  
 Let the length of the ladder be 2a. 
 
 a Taking moments about A: 

  

1
2
3

2

cos 60 2 cos30
cos 60

2 cos30

2

2 3

W a P a
WaP

a
WP

WP

× q = × q
q

=
q

×
=

×

=  (1) 

       
 b ( )R n ,    R = W    (2) 
  ( )R o ,   F P=    (3) 
   
  Now   F RP  since the ladder is in equilibrium (if not, ladder would slide)  
  Hence,  (by ( ))

     (b

 

y ( ))
2 3

    (by

        

 ( )

3    

)
3

 

2

6

W R

W

P

W

RP

P

P

P

3

1

2
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9 c Let:  
  5ƍ be the normal reaction of the ground on the ladder at A    
  Pƍ  be the normal reaction of the wall on the ladder at B,  
  l be the length of the ladder 
   
  Since the ladder is in limiting equilibrium, ' 'F RP=   

  ( )R n ,    5ƍ = W + w 
  5�ĺ�,    ȝ5ƍ = 3ƍ  
 
  Taking moments about B: 

  

( ) ( )cos 60 sin 60 cos 60
2

3
4 2 2

3 3 3( )         (since '  and )
4 5 2 2 5

6 ( ) 2( )
5

5 6 6 10 10
4

4

Wl F l R l

W RR

W W wW w R W w

W W w W w

W W w W w
W w

Ww

P

P

c c+ × = ×

§ · c
c+ × =¨ ¸¨ ¸

© ¹
§ · +

+ + × = = + =¨ ¸¨ ¸
© ¹

+ + = +

+ + = +
=

⇒ =

D
D D

  

 
10  Let: 
  T be the normal force of the peg on the rod at P, 
  G be the frictional force at P, 
  S be the normal force of the peg on the rod at Q, 
  F be the frictional force at Q. 
 
 a Taking moments about P: 

  
3

2

40 20 25 cos30

20 25
40

25 3 N
4

S

S

S

× = × × q

× ×
=

=

 

  Taking moments about Q: 

  
3

2

40 20 15 cos30

20 15
40

15 3 N
4

T

T

T

× = × × q

× ×
=

=
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10 b R 
 
  20cos 60 10G F+ = q =     (1) 
   
  Since the rod is about to slip, friction is limiting and hence ,  G T F SP P= = . 
  From part a, 

  
40 3 10 3

4
T SG F P P P P+ = × =+ =  (2) 

   
1( ) ( )
3

P= ⇒ =1 2   

 
11 a Let:          
  S be the normal reaction of the wall on the ladder at Y,  
  R be the normal reaction of the ground on the ladder at X 
  F be the friction at between the ladder and the ground at X 

  
3 1tan 3  so  sin    and  cos

3 2
T T T= = =   

  Ladder is in equilibrium. 
  Taking moments about X: 

  

cos 9 cos sin
2

9 3
4 2 2

3 9
2

193
2

19                      
2 3

Wl Wl Sl

W W S

WS W

WS

WS

T T T+ =

+ =

= +

=

=

  

 
 b 5�Ĺ�� R = W + 9W = 10W 
  For the ladder to be in limiting equilibrium,  

  1 10
5
2

F R

F W

F W

P=

= ×

=

  

 
  R(ĺ):  
  If P + F > S, ladder will slide towards and up the wall 
  If P < S – F, ladder will slide away from and down the wall 
  Therefore S – F ≤ P ≤ S + F 
  
  Substituting values for S & F from part a and above: 

  

19 192 2
2 3 2 3

19 192 2
2 3 2 3

W WW P W

W P W

− d d +

§ · § ·
− d d +¨ ¸ ¨ ¸

© ¹ © ¹
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11 c Modelling the ladder as uniform allows us to assume the weight acts through the midpoint. 
  

 d i The reaction of the wall on the ladder will decrease. To understand why, consider how we took 
moments about X in part a 

    cos 9 cos sin
2

Wl Wl SlT T T+ =  

   The first term in this equation is the turning moment of the weight of the ladder, which acts at a 

distance 
2
l  from X. If the centre of mass of the ladder is more towards X, say  where 2l a

a
! , 

then this first term would decrease and hence S would also decrease. 
 

  ii  Ladder remains in equilibrium when S – F ≤ P ≤ S + F 
    If S were to decrease, then this range of values for P would also decrease. 
 
12 a  

   
 
  Taking moments about A 
  ( ) : 6 2 2 sin 40M A g T× = q  

  6g 91.47656... 91.5 N (1 d.p.)
sin 40

T = = =
q

  

 
 b Consider all forces acting on AB 
  R(Ĺ): sin 40 6V T g+ q =  
                  6 9.8 94.47656... sin(40 ) 0 NV = × − × q =  
 
  R(ĺ): cos 40 70.075... 70.1 N (1 d.p.)H T= q = =  
  The force exerted on the rod by the wall is 70.1 N parallel to and towards the rod. 
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13 a Taking moments about A 
  M(A): 

  

cos30 2 sin 30
cos30

2 sin 30
3

2
12
2

3
2

mg a P a
mgaP

a

mga

a

mg

× q = × × q
q

=
q

=

=

 

 
 b R(Ĺ): V mg=  

  R(ĺ): 
3

2
H mg= −  

  Magnitude of force at the hinge 
2

2 3 3 7( ) 1
2 4 2

mg mg mg mg
§ ·

= + − = + =¨ ¸¨ ¸
© ¹

 

  Angle of force at hinge 1arctan 49.1
3

2

T = = q
§ ·
¨ ¸
© ¹

 above the horizontal away from the rod. 
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Applications of forces 7E 

1 ( )R ւ

0.5 sin 20 0.5
3.35 (3 s.f.)

g
ma

a
a

F
° =
=

=

2 3 3 4tan sin and cos
4 5 5

α α α= ⇒ = =

a ( )R տ
20sin 2 cos 0

20sin 19.6cos
12 15.68

 27.7 N

R g
R

α α
α α

− − =
= +
= +
=

The normal reaction is 27.7 N (3 s.f.). 

b ( )R ր

2

20cos 2 sin 2
4 32 20 2 9.8
5 5

2.12ms

F ma
g a

a

a

α α

−

=
=

= × − ×

=

−

×

The acceleration of the box is  2.12ms−2  

3 a ( )R տ
R − 40g cos20° = 0

R = 368.36

( )R ւ
40 sin 20 0.1 40

392cos70 36.836 40
2.43 (3 s.f.)

g R a
a

a

° − =
° − =

=

 The acceleration of the boy is  2.43ms−2 (3 s.f.). 

b 0,   2.43,   5,   ?u a s v= = = =  
2 2

2 2

1

2
0 2 2.43 5 24.3 
4.93ms  (3 s.f.) 

v u as
v

v −

= +

= + × × =

=

The speed of the boy is  4.93ms−1  (3 s.f.). 
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4 u = 0 ms−1, v = 21 ms−1, t = 6 s, a =?       
 

 21 0 6
21 7
6 2

v u at
a

a

= +
= +

= =

 

 ( )R տ : 

  20 cos30R g=   
  
 ( )R ւ  

 

720 sin 30 20
2
720 sin 30 ( 20 cos30 ) 20
2

1 3 7
2 2 2

3 7
9.8 7
3 9.8

0.16495...

F ma

g R

g g

g g

g g

µ

µ

µ

µ

µ

=

− = ×

− × = ×

− =

− =
−

=
×

=



 

  

 The coefficient of friction is 0.165 (3s.f.). 
 
5 ( )R տ          

 
  

R− 2g cos20° = 0
R = 2g cos20°

 

 ( )R ւ     

          
2 sin 20 2 1.5

F ma
g Rµ = ×

=
°−

  

 
2 cos 20 3

2 sin 20 3 0.201 (3 s.f.)
2 co

2 sin 20

s 20

g
g

g

g µ

µ

× ° =
°

= =

°−
−
°

 

 The coefficient of friction is  0.20 (2 s.f.) . 
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6 ( )R տ          

 
  

R− 4g cos25° = 0
R = 4g cos25°

 

 ( )R ր  

 30 4 sin 25 4 2
30 4 sin 25 4 cos 25 8

F ma
g R

g g
µ

µ

=
− °− = ×

− °− ° =
 

      
22 4 sin 25  

4 cos 25
0.15 (2 s.f.)

g
g

µ

µ

− °
=

°
=

 

 The coefficient of friction is 0.15 (2 s.f.). 
 
7 a ( )R տ          

  

  

R −10g cos25° = 0
R = 98cos25°
 = 88.8N  (3 s.f.)

 

  The normal reaction is  88.8N  (3 s.f.) . 
 
  
 b   u = 0,   s = 4,   t = 2,   a = ?  

  

2

2

2

1  2
14 0 2  2

2ms

s ut at

a

a −

= +

= + ×

=

 

 
  ( )R ւ  

  
10 sin 25 10 2 

98cos 25 10 sin 25 20 
98sin 25 20  

98cos 25
 0.241 (3 s.f.) 

F ma
g R

g
µ

µ

µ

=
°− = ×

× ° = ° −
° −

=
°

=

 

  The coefficient of friction is 0.24 (2 s.f.). 
 

  



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4 

8 a Let mass of particle be m. 
   
  ( )R տ          

  

  

R −mg cosα = 0

R =
4mg

5
 

 
  ( )R ր  

  

1sin  
3

3 1 4  
5 3 5

13
15

F ma

mg R ma

mg mg ma

g a

α

=

− − =

− − × =

− =

 

 

  The deceleration is 
  
13g
15

. 

 

 b 
  
u = 20,   v = 0,  a = −13g

15
,   s = ?   

  

2 2

2

2  
260 20
15

6000 23.5m (3 s.f.) 
26
23.5m (3 s.f.)

v u as
g s

s
g

AB

= +

= −

= =

=

 

 

 c 
  
u = 20,  v = 0,   a = −13g

15
,   t = ? 

  

  

v = u + at  

0 = 20− 13gt
15

t  = 300
13g

= 2.35s (3 s.f.)
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8 d As the particle begins to decelerate downwards from B, friction now  
  acts up the slope.     
  ( )R տ          

  
  
R =

4mg
5

, as before 

  ( )R ւ  

  

1sin  3
3 1 4  

5 3 5

3

F ma

mg R ma

mg mg ma

g a

α

=

=

− × =

=

−

 

  Now use equations of motion for constant acceleration: 

  

2 2

2

1

60000,   ,   ,   ?  
3 26

2  
2 60000
3 26

4000
26

12.4 ms  (3 s.f.)

gu a s v
g

v u as
gv

g

v −

= = = =

= +

= + ×

=

=

 

  The speed of the particle as it passes A on the way down is  12.4ms−1  (3 s.f.). 
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9 2 2 5tan sin and cos
5 29 29

α α α= ⇒ = =      

 u = 0 ms−1, v = 6 ms−1, t = 3 s, a =? 
 

 

2

6 0 3
6 2 ms
3

v u at
a

a −

= +
= +

= =

 

 ( )R տ  
  2 cosR g α=  
 
 ( )R ւ  

 
( )

( )

2
29

5
29

2 sin 2 2
2 sin ( 2 cos ) 4

sin cos 2
sin 2

cos

9.8 2

9.8

9.8 2 2 29
9.8 5

0.18019...

F ma
g R

g g
g g

g
g

α µ
α µ α

α µ α
αµ
α

µ

µ

=
− = ×

− × =
− =

−
=

× −
=

×

× −
=

×
=

  

 The coefficient of friction is 0.180 (3s.f.). 
 
10 ( )R տ           
  cosR mg α=  
 ( )R ւ  

  
sin

sin ( cos )
sin cos

F ma
mg R ma

mg mg ma
g g a

α µ
α µ α

α µ α

=
− =

− × =
− =

 

Since this expression does not contain m, the acceleration is independent of the mass. 
 
 
 
 

  



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7 

11 a u = 16 ms−1, v = 0 ms−1, t = 5 s, a =?     

  0 16 5
16
5

v u at
a

a

= +
= +

= −

 

  ( )R տ  

   5 cos10R g=   
 
  ( )R ւ  

  

5 sin10
165 sin10 ( 5 cos10 ) 5
5

5 sin10 5 cos10 16
16 5 sin10

5 cos10
0.15524...

F ma
g R ma

g g

g g
g

g

µ

µ

µ

µ

=

+ =

+ × = ×

+ =

−
=

=



 

 





  

  The coefficient of friction is 0.155 (3s.f.). 
 
 b The particle will move back down the slope if the component of its weight acting down the slope 

is greater than the frictional force acting up the slope, i.e. if  

   

5 sin10 5 cos10
sin10 0.155 cos10

0.17364... 0.15288...

g gµ>

> ×
>

 

   

     
 Since this inequality is true (i.e. 0.174 > 0.153), the particle will move back down the slope. 
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Applications of forces, 7F 

1 For P: R        

 
sin
3     ( )

5

T mg ma
mgT ma

D− =

− = 1
 

 
 For Q:  
            ( )mg T ma− = 2  
 

 

3( ) ( ) : 2  
5

 
5

mgmg ma

g a

+ − =

=

1 2
 

 For P: 

  

 P hits the pulley with speed  
 
2 R         For the Van: 

 

12000 1600 900 sin 900
310400 900 9.8 900
5

5108 900

F ma
T g a

T a

T a

D
=

− − − =

− × × − =

− =   (1) 
 
 R         For the Trailer: 

 

600 500 sin 500
3600 500 9.8 500
5

3540 500

F ma
T g a

T a

T a

D
=

− − =

− − × × =

− =   (2) 

 a 
2

( ) ( ) 1568 1400
                        1.12 ms

a
a −

+ ⇒ =

=

1 2    
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2 b Sub 21568  ms
1400

a −= in (2) 

  
15683540 500
1400

4100 N

T = + ×

=
 

 
 c  The resistance forces are unlikely to be constant: it is more probable that they will increase as  

  the speed increases. 
 
3 a For P: 
  
  R 

   

  R 

  

2 cos 60 2 2.5

3 5           

F ma
T R g

T g g

P

P

=
− − q = ×

− − = (1) 
 
  For Q: 
 
   

  
3 3 2.5 
3 7.5     

F ma
g T
g T

=
− = ×
− =   (2) 

         
  The tension is 21.9 N. 
 
 b ( ) ( )  2 3 12.5 

3 7.1 
7.1

3
 0.418 (3 s.f.) 

g g

g

g

P

P

P

+ ⇒ − =

=

=

=

1 2  

  The coefficient of friction is 0.42 (2 s.f.). 
 
 c  

       
43.8cos30  

 37.9 N  (3 s.f.)
= q
=

 

 
  The force exerted by the string on the pulley is  
  38N (2 s.f.). 
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4 a For B: 
  ( )R p   

  

 
23 3  5

63 5
9 5

 17.64 

F ma

g T g

T g g

g

=

− = ×

= −

=

=

 

 
  The tension in the string while B is descending is 18 N (2 s.f.). 
 
 b For A: 
  R 

  
( )

             
2sin 30  5

9 1 2  5 2 5
91 2

2 5 5
9 9

10 5
2

F ma

T mg m g

g mg mg

m

m

m

=

− q = ×

− =

+ =

=

⇒ =
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4 c Whilst A is still ascending, 

   20,  ,  0.25,  ?
5

u a g s v= = = =   

   

2 2

2

1

2
4 0.25
5

1.4 ms

v u as

v g

v −

= +

= ×

=

  

   
  After B strikes the ground, there is no tension in the string and the only force acting on A parallel  
  to the plane is the component of its weight acting down the plane. 
 
  For A: 
  R  

  
sin 30  

1
2

mg ma

a g

− q =

= −
 

 

  

11.4,   0,   ,   ?  2
 
10 1.4 2

2.8 2
9.8 7

u v a g t

v u at

gt

t

= = = − =

= +

= −

⇒ = =

 

 
  The time between the instants is 2 s7  

 

  

The approximate answer, 0.28 s, would also be 
acceptable. 
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5 a Let the reaction forces on the blocks be RA and RB.     
 If the system is in limiting equilibrium for the maximum value of m, object B will move down the 

right-hand slope and object A will move up the left-hand slope.  
 
 For A: 
 R       :   

   2 cos30 3AR g g= =D   
  R 

  

2 sin 30 0.2 0

3
5
31

5

AT g R

T g g

T g

− − =

= +

§ ·
= +¨ ¸¨ ¸
© ¹

D

 (1) 

 
  For B 
  R       : 

  3cos30
2BR mg mg= =D   

  R       : 

  

sin 30 0.4 0

1 4 3
2 10 2

1 3
2 5

Bmg T R

T mg mg

T mg

− − =

= − ×

§ ·
= −¨ ¸¨ ¸

© ¹
   (2) 

  

   ( )

1 3 31
2 5 5

5 2 3 10 2 3

10 2 3
5 2 3

m

m

m

§ ·
− = +¨ ¸¨ ¸

© ¹

− = +

+
=

−
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5 b Since m   10ௗNg� 5 3BR g=   
  R        for A, using Newton’s second law: 

   

2 2 sin 30 0.2

32
5

Aa T g R

a T g g

= − −

= − −

D

 (1)  

  R         for B, using Newton’s second law: 
   10 5 2 3a g g T= − −   (2) 
  
  5 ( ) ( )× = ⇒1 2   

   

5 5 3 5 2 3

6 10 3

5 3
3 6

T g g g mg T

T g g

T g g

− − = − −

= −

= −

 

   Substituting this value into (1): 

   

5 3 32
3 6 5

2 11 32
3 30
1 11 3 0.15474...
3 60

a g g g g

a g g

a g

§ ·
= − − −¨ ¸¨ ¸
© ¹

= −

§ ·
= − =¨ ¸¨ ¸
© ¹

 

   7he acceleration is 0.1��ௗms−2 (3s.f.). 
   
6 a u   0ௗms−1, v = 6ௗms−1, t   �ௗs� a =?     

  6 0 2
6 3
3

v u at
a

a

= +
= +

= =

 

   7he acceleration is 3ௗms−2 
 
 b Considering the box, Q, and using Newton’s second law: 

   
1.6 1.6 3

1.6 1.6 3
1.6 (9.8 3)
10.88

F ma
g T

T g
T
T

=
− = ×

= − ×
= × −
=

  

   The tension in the string is 10.88ௗ1. 
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6 c For P: 
   ( ) : 1.5R R gn =   
    
   ( ) :R o     

   10.88 1.5 1.5 3
1.5 10.88 4.5

6.38 0.43401...
1.5 9.8

F ma
T R ma

g
g

P
P
P

P

=
− =

− = ×
= −

= =
×

  

   To 3 s.f. the coefficient of friction is 0.434, as required. 
 
6 d The tension in the two parts of the string can be assumed to be the same because the string is 

inextensible. 
 
Challenge  
 
a With wedge smooth, let the reaction forces on the blocks be R1 and R2 respectively. 
  Resolving parallel to the slope on each side:    

 1

2

sin 30
cos30

T m g
T m g
=

=

D

D
  

Since the string is inextensible, both values of T are the same, so:  
1 2

1

2

1

2

sin 30 cos30
cos30 1
sin 30 tan 30

3 as required.

m g m g
m
m
m
m

=

= =

=

D D

D

D D  
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Challenge 
 
b Resolving perpendicular to the slope on each side:   

 1 1

2 2

cos30
sin 30

R m g
R m g
=

=

D

D
  

  
 Case 1: m1 is about to move down 
 Resolving parallel to each slope to find tension in string if m1 is about to move down: 

 1 1 1 1

2 2 2 2

sin 30 sin 30 cos30
cos30 cos30 sin 30

T m g R m g m g
T m g R m g m g

P P

P P

= − = −

= + = +

D D D

D D D
 

  
 Since the string is inextensible, both values of T are the same, so:  

 

( ) ( )1 2

1

2

1

2

sin 30 cos30 cos30 sin 30

cos30 sin 30
sin 30 cos30

3
1 3

m g m g

m
m

m
m

P P

P
P

P
P

− = +

+
=

−

+
=

−

D D D D

D D

D D  

  
 Case 1: m2 is about to move down  
 Resolving parallel to each slope to find tension in string if m2 is about to move down: 

 1 1 1 1

2 2 2 2

sin 30 sin 30 cos30
cos30 cos30 sin 30

T m g R m g m g
T m g R m g m g

P P

P P

= + = +

= − = −

D D D

D D D
 

  
 Since the string is inextensible, both values of T are the same, so: 

 

( ) ( )1 2

1

2

1

2

sin 30 cos30 cos30 sin 30

cos30 sin 30
sin 30 cos30

3
1 3

m g m g

m
m

m
m

P P

P
P

P
P

+ = −

−
=

+

−
=

+

D D D D

D D

D D  

  
 

 

1

2

1

2

 must lie between these two values, since they are the values of limiting equilibrium.

So:

3 3   as required.
1 3 1 3

m
m

m
m

P P
P P
− +

d d
+ −
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Applications of forces Mixed exercise 7

1 a Finding the components of P along each axis: 

  

( ) : 12cos 70 10sin 75

( ) : 12sin 70 10cos 75

tan

12sin 70 10cos 75tan 0.63124...
12cos 70 10sin 75
32.261...

x

y

y

x

R P

R P
P
P

T

T

T

o = +

n = −

=

−
= =

+
=

D D

D D

D D

D D

  

  The angle ș is 32.3o (to 3s.f.).  
 
 b Using Pythagoras’ theorem: 

  ( ) ( )

2 2 2

2 22 12cos 70 10sin 75 12sin 70 10cos 75

264.91... 16.276...

x yP P P

P

P

= +

= + + −

= =

D D D D  

  P has a magnitude oI 1�.3ௗ1 (3s.f.). 
 
2  a ( ) :R 3   

  cos 40sin 30 30sin 45W T = +D D  
  ( ) :R 0  

  30cos 45 sin 40cos30
sin 40cos30 30cos 45

W
W

T

T

+ =

= −

D D

D D
 

 

  

sin 40cos30 30cos 45
cos 40sin 30 30sin 45

20 3 15 2tan 0.35281...
20 15 2

18.046...

W
W

T
T

T

T

−
=

+
−

= =
+

=

D D

D D

  

  The angle ș is 18.0 o (to 3s.f.).  
 
 b Using Pythagoras’ theorem, |W|2 is the sum of the squares of the two components.  

  ( ) ( )2 22 20 3 15 2 20 15 2

1878.8... 43.345...

W

W

= − + +

= =
 

  The weight of the particle is 43.3ௗ 1 �3s.I.�. 
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3 Resolving horizontally:        

  

1 2

1
2

cos 20 cos10
cos 20

cos10

T T
TT

=

=

D D

D

D   (1) 

 Resolving vertically: 
  1 2sin 20 sin10 55T T g+ =D D  (2) 

 Substituting 1
2

cos 20
cos10

TT =
D

D from (1) into (2): 

  

1
1

1

1

cos 20 sin10sin 20 55
cos10

(sin 20 cos 20 tan10 ) 55
55 9.8 1061.6...

sin 20 cos 20 tan10

TT g

T g

T

×
+ =

+ =
×

= =
+

D D
D

D

D D D

D D D

 

 Subsituting this value of T1 into (1): 

  2
cos 20 1061.6... 1012.9...

cos10
T ×

= =
D

D  

 7he tensions in the two Sarts oI the roSe are 10��ௗ1 and 1013ௗ1 (nearest whole number). 
 
4 Let the acceleration of the system be aௗms–2 
             
 For the block, ( ) :R /  

 

5 sin 30 5
55
2

F ma
T g a

gT a

=

− =

= +

D

  (1) 

 For the pan and masses, ( ) :R p  

 
(2 5) (2 5)

7 7

F ma
g T a

T g a

=
+ − = +

= −   (2) 
 Since the string is inextensible, T is constant and hence (1) = (2): 

 

55 7 7
2

912
2

3
8

ga g a

ga

ga

+ = −

=

=

 

 Hence, the scale-pan accelerates downward, away from the pulley with magnitude 3
8
ga = ms–2 

ASSl\ing 1ewton¶s second law to mass A, and denoting the force exerted by B on A as FAB: 
2 2

2 32
8

10
8

1.25 9.8 12.25

AB

AB

AB

AB

g F a
gF g

F g

F

− =
×

= −

=

= × =
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4 +owever� 1ewton¶s third law oI motion gives 
|force exerted by B on A| = |force exerted by A on B|. 
Therefore the force exerted by A on B is 1�.��ௗ1. 

 
5 a For the 2 kg particle       
   

   

 
  For the 5 kg particle: 
  ( )R /  

   

 
  As , 4cos 5T =  and 3sin 5T =  

  

34 5 25 5
5
4

5 4
 12 (2 s.f.)

F g g

F g

g

× = × −

? = ×

=

=

 

 
 b ( )R 3  
   

  
( ) ( )

 sin 5 cos  
5 4

19  4
 47 (2 s.f

3 4
5 5

)

5

.

R F g

g

g

g

T T

× +

=

=

×

? = +

=
  

 c F will be smaller 
 
6 a Resolving vertically:       

  
cos 20 cos 70 2
(cos 20 cos 70 ) 2

2 9.8 32.793...
cos 20 cos 70

T T g
T g

T

= +

− =
×

= =
−

D D

D D

D D

  

  The tension in the string, to two signiIicant Iigures� is 33ௗ1. 
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6 b Resolving horizontally:       

  

sin 20 sin 70
(sin 20 sin 70 ) 32.793...
42.032...

P T T
P
P

= +

= + ×
=

D D

D D  

  The value of P is ��ௗ1 �� s.I.�.  
 

 
7 a ( )R / : 

  

cos30 50 sin 40
50 9.8sin 40

cos30
363.69...

T g

T

=

×
=

=

D D

D

D   

  7he tension in the string is 3��ௗ1 (3s.f.). 
 
 b Even when the hill is covered in snow, there is likely to be some friction between the runners of 

the sled and the slope, so modelling the hill as a smooth slope is unrealistic.  
 
8 Let S be the reaction of the wall on the ladder at B.  
 Let R be the reaction of the ground on the ladder at A.  
 (Both surfaces are smooth, so no friction.) 
    
 :   
 
 Taking moments about A: 

 

5 cos sin 5 sin2
5 tan 5 tan          (dividing by cos )

2
5 tan 5 tan          (Since )

2
5 4 tan

2
9 94            (Since tan )
5 5

7.2  
5

2 7.2
25  as required.

72

a F a S a

mg F S a

mg F F F S

mg

mg

F

F

F
mgF

mg

T T T

T T T

T T

T

T

× × + × × = × ×

+ =

+ = =

=

= × =

=

=
×

=
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9 Let N be the reaction of the wall on the ladder at B.  
 Let R be the reaction of the ground on the ladder at A,  
 Let F the friction between the ladder and the ground at A. 

 3 3 4tan sin  and cos
4 5 5

D D D= ⇒ = =   

 
 ( ):   2 3R R mg mg mgn = + =  
 
 Taking moments about B: 

 

42 sin 2 cos 2 sin3
3 8 3 4 32 6
5 3 5 5 5

8 18 8 3
5 5 5

sin

7
5

5
8 7
5 5

5
8

7
8

mg a F a R a

mga F a mga

a

mg a

mga

mga mga mgaF

a mgaF

a
mg

mgaF

D D D D+ × + × = ×

× + × + × × = ×

× = − −

× =

×

=

×

=

 

     
 The ladder and the child are in equilibrium, so  

  7 3
8

7 
24

R
mg

F

mg

P

P

P

d

d ×

t

 

 The least possible value for 7 is 24P  

 
10 Let R be the reaction of the ground on the ladder at A,  
 Let N be the reaction of the wall on the ladder at B  
 Let F be the friction between the wall and the ladder at B. 
 
 a Since you do not know the magnitude of F, you cannot resolve  
  vertically to find R.  
  Therefore, take moments about B (since this eliminates F):  

  

7 sin cos 2 cos
4

7 tan 2               (dividing through by cos )
12

7 4 42                (since tan )
12 3 3

16 2

3

9
8 
9

a W a R a

W W R a

W W R

R

WR

W

W

T T T

T T

T

× + × = ×

× + =

× + = =

=

=
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10 b � � �   1
3

WR o =  

  ( )R n : 

  8
9

9

R F W
F W R

W W

W

+ =
= −

= −

=

 

  For the ladder to remain in equilibrium, 

   
9 3

1
3

N
W W
F P

P

P

d

d

t

 

 
 c The ladder had negligible thickness / the ladder does not bend. 
 
 
11 a Let S be the reaction of the wall on the ladder  
  Let R be the reaction of the ground on the ladder  
  Let F the friction between the ladder and the ground 
  Let X be the point where the lines of action of R and S  
  intersect, as shown in the diagram. 
 
  By Pythagoras’s Theorem, distance from base of ladder  
  to wall is 3 m.  
 
  ( ) :   R F So =  
  ( ):  R R Wn =  
   
  Taking moments about X: 
  1.5 4W F=  
 
  Suppose the ladder can rest in equilibrium in this position. Then  

  

1.5 0.3
4
3 3
8 10
30 24

R
W W

F

W W

Pd

d ×

d

d

 

 
  which is false, therefore the assumption that  must be false – the ladder cannot be resting in 

equilibrium. 
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11 b With the brick in place, take moments about X:  

  
1.5 4  

.5
4

so
1 3

8

W F

F W W
=

=

=
 

  which is independent of M, the mass of the brick. 
 
 c   
    
 

   

  So the smallest value for  

 
12 Let S be the reaction of the wall on the ladder at Q   
 Let R be the reaction of the ground on the ladder at P 

 5 5 2tan sin   and cos
2 29 29

D D D= ⇒ = =   

 Since the ladder is in limiting equilibrium,  
 frictional force at the wall = μS = 0.2S.  
  
 Taking moments about P: 

 

20 1cos 4sin 0.2 4 cos
20 2 4 5 0.8 2

29 29 29
40 21.6

392 18.148...
21.6

g S S

g S

g S

S

D D D× = × + × ×

× × ×§ ·
= +¨ ¸
© ¹

=

= =

  

  R(ĺ):   F = S  
  The force F reTuired to hold the ladder still is 18ௗ1 �� s.f.). 
 
13  Since the rod is uniform, the weight acts from the midpoint of AB.  
 
 a Take moments about A: 
 

  

( ) ( )10 1.5 5 2 3sin 60
25

3sin 60
25 9.8 2 94.300...

3 3

g g T
gT

T

× + × = ×

=

× ×
= =

D

D  

 
  7he tension in the string is ��.3ௗ1 �3s.I.�. 
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 b Let the horizontal and vertical components of the reaction R at the hinge be Rx and Ry respectively.  
  
  Resolving horizontally:  
 

  

cos 60
25 cos 60

3sin 60
25 25

3tan 60 3 3

x

x

x

R T
gR

g gR

=

=

= =

D

D
D

D

  

 
  Resolving vertically upwards: 
 

  

sin 60 10 5
25 sin 60 15

3sin 60
25 2015
3 3

y

y

y

R T g g
gR g

gR g

= − −

= −

§ ·= − = −¨ ¸
© ¹

D

D
D   

 
  The reaction at the hinge is given by: 
 

  

2 2 2

2 2
2

2 2

25 20
33 3

625 400
27 9

1825 9.8 80.570...
27

x yR R R

g gR

R g

R

= +

§ · § ·= + −¨ ¸¨ ¸ © ¹© ¹
§ ·= +¨ ¸
© ¹

= × =

 

 

tan

20 3 3 4 3tan
3 25 5

54.182...

y

x

R
R

g
g

T

T

T

=

= × =

=

  

 
  7he reaction at the hinge is 80.�ௗ1 acting at ��.�o below the horizontal (both values to 3 s.f.). 
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14      Let the horizontal and vertical components or the force at A be X and Y respectively. Let the thrust 
in the rod be P. 

  

 a 3M( ): 1 cos 45 40
2

A P g× × q = ×  

  60 �0 � 830 1 �� s.I.�
cos 45

gP g= = =
q

 

 
  
b R( ) : cos 45 60X P go = q =  
  R( ) : cos 45 40Y P gn + q =  
  40 60 20Y g g g= − = −  
 

  

2 2

2 2

resultant

10 4 2 10 40
��0 1 �� s.I.�

X Y

g g

= +

= + =
=

 

 
 c The lines of action of P and the 

weight meet at M, hence the line of 
action of the resultant of X and Y 
must also pass through M (3 forces 
acting on a body in equilibrium). 
Therefore the reaction must act 
horizontally (i.e. no vertical 
component). 
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15 3 3 4tan sin   and cos4 5 5D D D= ⇒ = =      

 u   0ௗms−1, s = 6ௗm, t   1.�ௗs� a =? 

 

2

2

1
2

916 0 1.52 8
9 166
8 3

s ut at

aa

a

= +

= + × =

= × =

 

 
 ( )R 3 : 3 cosR g D=  

 ( )R 0 : 

 

( )

163 sin 3
3

3 sin ( 3 cos ) 16
3 4 16
5 5 3
9 12 80

9 9.8 80
0.06972...

12 9.8

F ma

g R

g g

g g

g g

D P

D P D

P

P

P

=

− = ×

− × =

− =

− =

× −
= =

×

  

 The coefficient of friction is 0.070 (3s.f.). 
 
 
16 ( )R 3 :  5 cos30 80sin10R g= +D D      

 ( )R / : 

 ( )
( )

5 80cos10 0.4 5 sin 30

5 80cos10 0.4 5 cos30 80sin10 5 sin 30

16cos10 0.4 cos30 16sin10 sin 30

6.3507...

ma F
a R g

a g g

a g g

a

=

= − −

= − + −

= − + −

=

D D

D D D D

D D D D

 

 7he acceleration oI the Sarticle is �.�3ௗms−2 (3s.f.).  
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17 Since 2 1m mP! , when system is released from rest then B moves downwards and A moves towards  
 the pulley P   
 
 For particle A:        
 ( )R n :  1R m gP=   

 ( )R o :   

 

1

1

1 1

1 1

F m a
T R m a

T m g m a
T m a m g

P
P

P

=
− =

− =
= +   (1) 

  
 For particle B: 
 ( )R n : 

 

2

2 2

2 2

F m a
m g T m a

T m g m a

=
− =

= −  (2) 
 
Since string is inextensible, the values of T are identical, so (1) = (2): 

( )

1 1 2 2

1 2 2 1

2 1

1 2

    as required.

m a m g m g m a
m a m a m g m g

g m m
a

m m

P
P
P

+ = −
+ = −

−
=

+
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18 For particle with mass 1m :       
  ( )R /  

 

1
1

1

sin 30  
2
1 sin 30
2

F ma
mT m g

T g m

=

− =

§ ·= +¨ ¸
© ¹

D

D   (1) 

   
 For particle with mass 2m : 
  ( )R /  

 

2
2

2

sin 45
2

1sin 45
2

F ma
mm g T

g m T

=

− =

§ ·− =¨ ¸
© ¹

D

D     (2) 

 Since string is inextensible, T is constant throughout and hence (1) = (2): 

 

1 2

1 2

1

2

1 1sin 30 sin 45
2 2

1 2 1
2 2 2 2

2 1   as required
1

g m g m

g gm m

m g
m g

§ · § ·+ = −¨ ¸ ¨ ¸
© ¹ © ¹

§ ·§ ·+ = −¨ ¸¨ ¸ ¨ ¸© ¹ © ¹

−
=

+

D D
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Further kinematics 8A 

1 a  
 
 b  
 
 c  
 
 d  
                
 
 e  
                                
 
 f Using ,  (12 11 ) (4 ) (2 3 )

12 4 2 4 s 
t t

t t
= + − = + + − ×

= + ⇒ =
0r r v i j i j i j  

                  
2 ro = (10i −�j�ௗm� r   �−�i + 9j�ௗm� t   �ௗs, v = ? 

 
� � �10 � � �

� � � �10 � �
73
2

t= +

− + = − +
= − + − −

= − +

or r v
i j i j v

v i j i j

v i j

  

 
2

2 � 8�Speed 3
2 2

§ ·= + =¨ ¸
© ¹

       

 Bearing 360 T= −D where 3tan
3.�
40.601...

T

T

=

= D

  

 The boat travels at a speed of 8�
2

ms−1 at a bearing of 319o (3s.f.). 

 
3 ro   �−�i + 3j�ௗm� r = (6i − 3j�ௗm� t = ?, v = 4 ms−1 

 ( ) ( ) ( )Change in position 6 3 2 3 8 6     = − − − + = −i j i j i j  

 2 2Distance travelled 8 6 10= + =  

 104

�.�

sv
t

t
t

=

=

=

  

 7he mouse taNes �.�ௗs to travel to the new Sosition. 
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4 a 1120 30
m� ms �  �  "

10 40
t t−−§ · § ·

= = = =¨ ¸ ¨ ¸−© ¹ © ¹
or v r  

  
120 30

10 40

120 30
10 40

t

t

t
t

= +

−§ · § ·
= +¨ ¸ ¨ ¸−© ¹ © ¹

−§ ·
= ¨ ¸− +© ¹

or r v

r

r

  

 
 b :hen the helicoSter is due north oI the origin� the i comSonent oI its Sosition vector is 0.

120 30 0
120 4
30

t

t

− =

= =
 

7he helicoSter is due north oI the origin aIter �ௗs. 
 
5  

  

 
  
  
 
 At 8t = s, position vectors of P and Q are eTual: 

 

( )

12 8 ( 3 ) 8
8 12 8 3

 12 11
1 12 11  8

 1.� 1.3��

+ = − + ×
= + +
= +

= +

= +

i j j v
v i j j

i j

v i j

i j

 

 

 
2 2

1

speed | |

 1.� 1.3��

 �.�� 1.8�0���
 �.03ms−

=

= +

= +

|

v

 

 
6 a  

   

 
   

   



 

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 3 

6 b For F and S to collide,  
 

   

 
  %oth conditions give the same value oI t� so the two Sosition vectors are eTual when , i.e. F 

and S collide at . 
 

7 a 1 10 3
ms � ms �  �s�  "

0 4
t− −§ · § ·

= = = =¨ ¸ ¨ ¸
© ¹ © ¹

u v a  

  Using v = u + at 

  
3
�
4
�

3 0
�

4 0
§ · § ·

= +¨ ¸ ¨ ¸
© ¹ © ¹

§ ·
= ¨ ¸
© ¹

a

a
 

  The acceleration of the particle is 
3
�
4
�

§ ·
¨ ¸
© ¹

ms−2 

 
 b Using  

  

2

3
� 2
4
�

1
2

0 1 �
0 2

1�1
202

t t= +

§ ·§ ·
= + ¨ ¸¨ ¸
© ¹ © ¹
§ ·

= ¨ ¸
© ¹

s u a

s

s

  

  AIter �ௗs� the disSlacement vector oI the Sarticle is 
1�
2

10
§ ·
¨ ¸
© ¹

 m. 

 
8 a u   �1�i + 4j�ௗms−1, v   ��i − 3j�ௗ ms−1, t   �ௗs� a = ? 
  Using v = u + at 

  ( )
4

4
� 3 1� �
� 3 1� �

� �
2 4

= +

−

− +

− + =

−= −

a
a

i j i j
i j i j

ia j

 

  The acceleration of the particle is � �
2 4

§
¸
¹

− ·−¨
©

i j  ms−2 
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8 b ( ) where 10 8= −+ =o os r ir r j m 
  Using  

  ( ) ( )

2

2

2 2

� �10 8 1� �
2 4

�

1
2

1
2

710 1� 8 �
4 8

t

t

t t

t

t

t t

§ ·− + + − −¨ ¸
© ¹

§ · § ·+ − + − +

= +

=

−¨ ¸ ¨ ¸
©

=
¹ ¹

+

©

s u

i j i

i

a

r i

r

j j

j

 

  The position vector of the particle after Wࣟs is 2 2� �10 1� 8 �
4 8

t tt t§ · § ·+ − + − + −¨ ¸ ¨ ¸
© ¹ © ¹

i j  m. 

 

9 a 2 11 70
ms � ms � "�  10s�  

1.� 30
t− −−§ · § ·

= = = =¨ ¸ ¨ ¸−© ¹ © ¹
a u v  

  Using v = u + at 

  
70 1 60

10
30 1.� 1�

−§ · § · § ·
= + =¨ ¸ ¨ ¸ ¨ ¸− −© ¹ © ¹ © ¹

v  

After 10s, the velocity of the plane is 
60
1�

§ ·
¨ ¸−© ¹

 ms−1 

 
 b Using  

  

2

2

1
2
70 11010
30 1.�2

��0
���

t t= +

−§ · § ·
= +¨ ¸ ¨ ¸−© ¹ © ¹
§ ·

= ¨ ¸−© ¹

s u a

s

s

 

2 2'istance travelled ��0 ��� �8�.8�...= + =  
7he Slane is �88ௗm �3s.I.� Irom its starting Soint aIter 10ௗs. 

 
 
10 v = (4i + 3j) ms−1, t   �0ௗs� a = (0.2i + 0.6j) ms−2, s = ? 
 Using  

 ( ) ( )

2

2

4 3 0.2 0

1
2

2020
2

.6

60 40 120
6

80
0 04

t t

+ +

+ − −
−

= −

= × −

=
=

s v a

s

s

i j i j

i j i
is

j
j

  

 AIter �0ௗs� the disSlacement vector oI the Eoat Irom its starting Sosition is ( )40 60−i j m. 
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11 a Using and  
 
  For A: 

   

 

   

 
  For B: 

   

 

  
2 2

1

Speed 1 6 1 36

 3� �.08ms  �3 s.I.�−

= + = +

= =
 

 
 b Using 21

2t t= +s u a  for A, 

  

( )

 3 3 9 18

13 (2

 � 1�

4 ) 92= − +

=

×

− + + −
=

×

−

+ − ×is i j

i j i j
i

j

j
 

 
  So at the instant of the collision, A is at the point with position vector  
  

  �1� 1� � �� 1� �
 18 3

= +
= + + −
= −

or r s
r i j i j

i j
 

 
 c First Iind the disSlacement through which % travels during the motion� 
  Using  for B, 

  
13 (2 )( ) 9

9
2

 3

× + × ×=

= +

js i

i j
 

 
  So B’s starting point is given by: 

  
( ) ( )Iinal Sosition  ± disSlacement through whic

�18 3 � �3 � � 1�

h B trave

12

ls=

= −
= − − + = −

o

o

o

r
r r s

r i j i j i j
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12 a u   �−�i + 8j�ௗNmh−1, v   �−�i − �j) Nmh−1, t   �ௗh� a = ? 
  Using v = u + at 

  
2 6 4 8

1
2

2 4
7

2
− − − + +

−
=
=
= −

ai j i
j

a

j
i

i
a

j
 

  The acceleration of the ship is ( )7−i j  Nmh−2 
 
 b Using  

  ( ) ( )

2

2

2 2

4 8 7

� 0.� � �8 3.�

1
2

1
2

( )

t t

t t

t tt t

− + −

− +

=

−

= +

+

= +

s u a

s

s

i j i j

i j

  

  After Wࣟh, the ship’s disSlacement vector Irom O is 2 2� 0.� � �8 3 �( ).t t tt− + + −i jNm. 
 
 c When the ship is SW of O, then the coefficients of i and j are eTual (and negative) so: 

2 2

2

� 0.� 8 3.
4 2

3

�
1

t t
t t
t

t t− + = −

=
=

 

  �7he solution t   0 can Ee ignored as at this time Eoth coeIIicients are ]ero� shiS is at O.) 
   
  The ship is SW of O 3ௗh aIter 1��00� i.e. at 1��00. 
 
 d :hen the two shiSs meet rௗ ௗs. Since r has no i comSonent� the i comSonent oI s must also Ee 0.  

  

2

20.� �
8      �solution 0 can again Ee ignor

� 0.�

e

0

d)

t t
t t
t t =

+

=
=

− =

  

  

( )
( )
�0 ��

�0 �� 8
160

t= −

= − ×

= −

r j

r j
r j

   

  7he two shiSs meet at Sosition vector −1�0jௗNm �i.e. 1�0ௗNm 6 oI O).  
 
13 a For the particle to be NE of O, the coefficients of i and j are eTual so: 

  

2

2

2

3
2 4 10 0

� � 0  

2

     as reTuire

4

d.

7t
t

t
t

t t

−

+

−

=

+ − =

=

−  

 
 b 8sing Iormula Ior the roots oI a Tuadratic eTuation� 

  

2 4
2

2 4 20
2

6 1

b b act
a

t

t

− r −
=

− r +
=

= −

  

1egative root can Ee ignored as eTuation onl\ aSSlies Ior t  0. 
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13 b 6ince the two coeIIicients are eTual� we need onl\ calculate one oI them� 

( )67 1

11 4

7 4

6

4t −

=

− ×

−

= −
 

( ) ( )2 2
Distance 11 4 6 11 4 6

1.6999...

= − + −

=
  

7he Sarticle is 1.�0ௗm Irom O when it is NE of O. 
  
 c u   ��i + 6j�ௗms−1, v = (bi + 2bj) ms−1, t   �ௗs� a = (3ai – 2aj) 
  Using v = u + at 

  
� 3

2 6 2
2

b a
b a

§ · § · § ·
¨ ¸ ¨ ¸ ¨ ¸−© ¹

=
©

+
© ¹ ¹

 

Considering coefficients of i: 
        � �b a= +  (1) 
Considering coefficients of j: 
      2 6 4b a= −  (2) 
6uEstituting � �b a= +  Irom �1) into (2): 
��� � � � �

� � 3 �
8 2

0.��  

a a
a a
a
a

+ = −
+ = −

= −
= −

  

6uEstituting 0.�� a = − into (1): 
        � 1.� 3.�b = − =  

   
  Therefore at t   �ௗs� v   �3.�i + 7j) ms−1    

2 26Seed 3.� � �.8���...= + =  
  Bearing = ș where 

  tan 0.�
2
��.���...

b
b

T

T

= =

=
 

  7he Sarticle is travelling at sSeed oI �.83ௗms−1 at a bearing of 026.6o (both to 3s.f.).   
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13 d At tௗ ௗ2 s, for the first particle: 

  
(2 4 7 4( )
�

3) 2A

A

= × − ×
=

+
−

−r i
r i

j
j

  

  )or the second Sarticle� the disSlacement since t = 0 is given by: 

  

2

2

1
2

� 3 0.��22
� � 0.��2

10 1.�
8.� 13

12 1

t t= +

− ×§ · § ·
= +¨ ¸ ¨ ¸×© ¹ © ¹

−§ ·
= = +¨ ¸+© ¹

s u a

s

s i j

 

  DisSlacement oI second Sarticle Irom 2�  
   where �B = + =o or r s r j  
  Br =  �j + 8.�i +13j   8.�i + 18j 
  5elative disSlacement oI the two Sarticles: 

  

8.� �
18 1

3.�
19

B A
§ · § ·

−¨ ¸ ¨ ¸−
−

© ¹ © ¹
§ ·

= ¨ ¸
©

=

¹

r  r
 

2 2

Distance

3.� 1�
19.319...

B A=

=

−

= +

r  r

  

The distance Eetween the two Sarticles is 1�.3ௗm �3s.I.�. 
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Challenge 
 
The planes cross at r relative to the control tower aIter a time T after the first plane passes it. 
For the first plane: 
 

1 220 0
ms � ms � �  

100 6
t T− −§ · § ·

= = = =¨ ¸ ¨ ¸−© ¹ © ¹
u a s r  

2

2

2

1
2

20 0
100 62

20
100 3

t t

TT

T
T T

= +

§ · § ·
= +¨ ¸ ¨ ¸−© ¹ © ¹
§ ·

= ¨ ¸− +© ¹

s u a

r

r

 

 
For the second plane: 
 

1 270 0
ms � ms � �  � �

40 8
t T t− −§ · § ·

= = = = −¨ ¸ ¨ ¸−© ¹ © ¹
u a s r  

( ) ( )

2

2

2 2

1
2

70 0
40 82

70 70
40 40 4 4 8

t t

T t
T t

T t
T t T t Tt

= +

−§ · § ·
= − +¨ ¸ ¨ ¸−© ¹ © ¹

−§ ·
= ¨ ¸− − − +© ¹

s u a

r

r

 

 
(Tuating i comSonents� 
 

20 70 70
70 20 70

7
�

T T t
T T t

T t

= −
− =

=

  

(Tuating j comSonents and suEstituting in this value oI T: 
 

( )

2 2 2

2 2

2
2 2 2

2

2

2

100 3 40 40 4 4 8
7 4 8 140 40

7 7 8 7 140 74 40
� � �

3�3 ��4 196 40
�� �

163 1��
��

23.926...

T T T t T t Tt
T t Tt T t

t t t t t

t t

t t

t

− + = − − − +

+ − = −

× × ×
+ − = −

§ ·+ − = −¨ ¸
© ¹

=

=

 

 
The second plane passes over the control tower 24 s after the first plane (2s.f.). 
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Further kinematics 8B 

1 a u = (12i + 24j) ms−1, t = 3 s, a = −9.8j ms−2, s = ? 

  ( ) ( )

2

12 24 3 9.8 9

2

1
2

1
2

36 7.9

t t= +

= ++ × − ×

+=

i j j

i

s u a

s

s j

 

 
  The position vector of P after 3 s is   (36i + 27.9j)m. 
 
 b 

( )12 24 3 9.8
12 (24 29.4)
12 5.4

t
+ − ×

= + −
= −

= +

=

v u a
v i j j
v i j
v i j

  

 

  

( )22 12 5.4

 173.16
13.159...

= + −

=

=

v

v
 

 
  The speed of P after 3 s is 113 ms− (2 s.f.). 
 
2 a u = (4i + 5j) ms−1, t = t s, a = −10j ms−2, s = ? 

  ( ) ( )

( )

2

2

2

1
2

14 5 1
2

0

4 5

t

t

tt

t

t

t+ −

+

= +

−

= +

=

i j j

i

s u a

s

s j

 

  The position vector of the particle after t s is ( )24 5 t t+ −i jm. 
 
 b When particle reaches greatest height, j component of velocity = 0 (the i component remains  
  unchanged throughout). 
  u = (4i + 5j) ms−1,  v = (4i) ms−1, a = −10j ms−2, t = ? 
 

  
4 4 5 10

10 5
0.5 s

t
t

t
t

= +
=
=

+ −

=

i i j j
j

v u a

j
 

   
  Using this value of t to determine the coefficient of j in the equation derived in part a: 

  ( )20.55 0.5

5 0.25 1.25

h

h

= −

= × =
  

  The greatest height of the particle is 1.25 m. 
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3 a Both assumptions are made in order to facilitate the calculation. Either could be better or worse  
than the other. Possible answers include: 

 The sea is likely to be horizontal and relatively flat, whereas the ball is subject to air resistance, so 
the assumption that sea is a horizontal plane is most reasonable. 

 Although the sea is horizontal it is unlikely to be flat because of waves, so the assumption that the 
ball is a particle is most reasonable. 

 
 b u = (3pi + pj) ms−1, a = −9.8j ms−2, t = 2 s, v = ? 
  Using v = u + at 

  

3 0
2

9.8

3
19.6

p
p

p
p

   
= +   −   
 

=  − 

v

v  (1) 

   
  We also know that r0 = 25j m, r = (qi + 10j) m. 
  The change in displacement of the ball is: 

  10 25
15

q
q

= −

= + −
= −

os r r
i j j

s i j
  

  Using: 

  

2

2

1
2

3 022       
15 9.82

t t

q p
p

= +

     
= +     − −     

s u a
 

  Comparing j components: 

  
15 2 19.6
2 19.6 15

4.6 2.3
2

p
p

p

− = −
= −

= =

  

   Substitute 2.3p =  in (1): 

  
3 2.3 6.9

2.3 19.6 17.3
×   

= =   − −   
v  

  The velocity of the ball at B is (6.9i −17j) ms−1 (both coefficients to 2s.f.). 
 
 c In order to determine the acceleration on the boat, we first need to find the time at which the ball  
  reaches the sea. 
  The displacement of the ball relative to A is given by: 

  

2

2

2

1
2

3 2.3 01  
2.3 9.82

6.9
2.3 4.9  

t t

t t

t
t t

= +

×   
= +   −   
 

=  − 

s u a

s

s
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3 c When the ball lands at C, s = xi – 25j, where x = OC. 

  2

6.9
25 2.3 4.9  
x t

t t
   

=   − −   
 

  Considering j components only: 

  
2

2

25 2.3 4.9
4.9 2.3 25 0

t t
t t

− = −

− − =
 

 Finding the positive root of this quadratic equation (negative solution can be ignored as before ball 
thrown or ship sets out): 

  
( )22.3 2.3 4 4.9 25

2 4.9
2.5056...

t

t

± + × ×
=

×
=

 

   Considering i components only: 
  6.9 6.9 2.506 17.289 mx t= = × =   
   
  For the boat:  
  s = 17.289 m, t = 2.506 s, u = 0 ms–1, a = ?  

  ( )

2

2

1
2

117.289 0 2.5062
34.578 5.50...

6.28

s ut at

a

a

= +

= +

= =

  

  (solution of t = 0 ignored – shows that both boat and ball start at same place) 
   
  The acceleration of the boat is 5.5 ms–2  (2s.f.). 
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4 a (3 4 ),  9.8 ,  750 ,  u u t t= + = − = =u i j a j s i   

  ( ) ( )

( )

2

2

2

3 4 9.8

4 4

1
2

17

.9

50
2

750 3

u u t

uut tt

t t

t+ −

= +

= +

= + −

i

s u a

i

i

j j

i j

 

   
  Comparing i coefficients: 
   

  
 750 3

250
ut

t
u

=

∴ =
 

 
  Comparing j coefficients:  

  

2

2

2

2

 0 4 4.9

4 250 250 250 0 4.9    (substituting  from above)

306 1000

306
1000

 306.25

306.25 17.5,

25

 as require

0

.

0

d

25

ut t

u t
u u u

u

u

u

= −

×  = − = 
 

= −

=

=

= =

 

 
 b Greatest height when j component of velocity is zero. 
  Considering j components: 
  17.5 70,  9.8  4 0 ?4 ,  ,yy au su v× − == = = ==  

  

  

v2 = u2 + 2as
02 = 702 − 2× 9.8× s

s = 702

2× 9.8
 = 250

 

  P reaches a max height of 250 m above the ground. 
 
 c Find the i and j components of the velocity when   t = 5, and then find the angle between them. 
   
  (52.5 70 ),  9.8 ,  5,  ?t= + = − = =u i j a j v  

  (52.5 70 ) 5 9.8
52.5 21

t= +
= + − ×
= −

v u a
v i j j
v i j

  

  
21tan 0.4

52.5
21.8

y

x

v
u

θ

θ

= = =

⇒ = °

 

 
  The angle the direction of motion of P makes with i when   t = 5 is  22° (to the nearest degree). 
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5 Let the point S be x y+i j   
 (8 10 ),  9.8 ,  6,  t x y= + = − = = +u i j a j s i j  
 
 a  Considering i components, 

   8 6
 48

xx u t= ×
= ×
=

 

  The horizontal distance between O and S is 48 m. 
 
 b Considering j components, 

  

2

2

1
2

  10 6 4.9 6
 116.4

y ut at= +

= × − ×
= −

 

  The vertical distance between O and S is 120m (2 s.f.). 
 
 c  (8 10 ),  9.8 ,  ,  8 14.5t T= + = − = = −u i j a j v i j  
   

  
8 14.5 (8 10 ) 9.8

t
T

= +
− = + − ×

v u a
i j i j j  

    
  Considering j components, 
 

  

14.5 10 9.8
24.5 5
9.8 2
1 2 2

T

T

− = −

= =

=

 

 

  At 5  s
2

T = ,  

   

( ) ( )

2

2

2

58 10 9.8
2

5 510 4.9
2 2

1
2

5 1
2 2

5

40
8

8

52

2

t t= +

= +

 = × 


 + −  
 

  + × − ×     

= −



i j j

i j

s

s i

u a

s

s

j

  

   The position vector of the particle after 12 2  seconds is 
4520
8

 − 
 

i j  m. 
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6 a u = (ai + bj) ms−1, t = t s, a = −10j ms−2, s = (xi + yj) m 

  
( ) ( )

2

2

1
2

1 102x y a b

t t

tt

= +

=+ + −+i j i j

s

j

u a
 

  Considering coefficients of i: 

  

x at
xt
a

=

=   (1) 

  Considering coefficients of j: 
  25y tbt= −  (2) 

  Substituting xt
a

= from (1) into (2): 

  
2

2

5    as required.bx xy
a a

= −  

 
 b i X is the value of x when y = 0: 
    

   

2

2

2

50
8 64

5
64 8

5 8     disregarding 0  
8
5

bX X

X bX

X bX X
bX

= −

=

= =

=

 

   X is 1.6b 
 

  ii Y is the value of y when 4
2 5
X bx = = : 

   

( )2

2

2 2

2

5 44
8 5 64 5

10 4 5

20

bb bY

b bY

bY

××
= −

× ×

= −
×

=

 

   Y is 0.05b2 
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Further kinematics 8C 

1 a  a = 1 sin ʌt− ms−2, t = 0ௗs� v = 0 ms−1, s   0ௗm  

  ( )

 d

1 sin ʌ d

cos ʌ
ʌ

v a t

v t t

tv t c

=

= −

= + +

³
³   

  Substituting 0 when 0 givesv t= = : 

  

cos 00 0
ʌ

1
ʌ

cos ʌ 1
ʌ ʌ

c

c

tv t

= + +

= −

⇒ = + −

 

 
 b Using expression for v, above: 

  

2

2

d

cos ʌ 1 d
ʌ ʌ

sin ʌ
2 ʌ ʌ

s v t

ts t t

t t ts c

=

§ ·= + −¨ ¸
© ¹

= + − +

³

³  

  Substituting 0 when 0 givess t= = : 

  
2

2

0 0 0 0
0

sin ʌ
2 ʌ ʌ

c
c

t t ts

= + − +
=

⇒ = + −

 

 

2 a  a = sin 3ʌt ms−2, t   0ௗs� v = 1
3ʌ

 ms−1, s = 1ௗm  

  

d

sin 3ʌ d

cos3ʌ
3ʌ

v a t

v t t

tv c

=

=

= − +

³
³   

  Using values given: 

  

1 cos 0
3ʌ 3ʌ

1 1
3ʌ 3ʌ

2 cos3ʌ
3ʌ 3ʌ

c

c

tv

= − +

= +

⇒ = −
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2 b The maximum value of v occurs when cos3ʌt has its minimum value, i.e. −1. 

  max
2 1 1

3ʌ 3ʌ ʌ
v −

= − =  

  The maximum value of v is 1
ʌ  ms−1 

 
 c Using expression for v, above: 

  

2

d

2 cos3ʌ d
3ʌ 3ʌ

2 sin 3ʌ
3ʌ �ʌ

s v t

ts t

t ts c

=

§ ·= −¨ ¸
© ¹

= − +

³

³  

  Using values given: 

  

2

1 0 0
1

2 sin 3ʌ 1
3ʌ �ʌ

c
c

t ts

= − +
=

⇒ = − +

  

 
3 a  a = cos 4ʌt− ms−2, t   0ௗs� v = 0 ms−1, s   0ௗm  

  

d

cos 4ʌ d

sin 4ʌ
4ʌ

v a t

v t t

tv c

=

= −

= − +

³
³   

  Using values given: 

  
0 0

0
sin 4ʌ

4ʌ

c
c

tv

= − +
=

⇒ = −

 

 
 b The maximum value of v occurs when sin 4ʌt has its minimum value, i.e. −1. 

  max
1

4ʌ
v −

= −  

  The maximum value of v is 1
4ʌ

 ms−1 

 
 c Using expression for v, above: 

  

2

d

sin 4ʌ d
4ʌ

cos 4ʌ
16ʌ

s v t

ts t

ts c

=

= −

= +

³

³  
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3 c Using values given: 

  

2

2

2 2

10
16ʌ

1
16ʌ

cos 4ʌ 1
16ʌ 1�ʌ

c

c

ts

= +

= −

⇒ = −

  

 
 d The maximum value of s occurs when cos 4 tS is −1. 

  max 2 2

1 1
16ʌ 1�ʌ

s = − −  

  The maximum distance from O is 2

1
8ʌ

ms−1 

 
 e The particle changes direction when 4ʌ ʌt n= where n is a whole number. 

  It therefore changes direction whenever ʌ
4ʌ
nt = s i.e. ever\ 0.��ௗs. 

  Between 0 and �ௗs it thereIore changes direction 4
0.25

 − 1 = 15 times (it is stationary at 0 and 4 s). 

 

4  a d
d
sv
t

=   

  
1
3

1
3

3

3

2 3 ( 3 2e )
3
2 6e

t

t

v t

v t

− −

− −

= + − ×

= −

 

  At t   0.�ௗs� 

  ( )1
3 1.52 0.5 6e

1.1810...

v

v

− −= −

=
 

  At t   0.�ௗs� the velocit\ oI M is 1.18 ms−1 (3s.f.).  
 

 b d
d
va
t

=   

  

4
3

4
3

3

3

1 2 ( 3 6e )
3

2 18e
3

t

t

a t

a t

− −

− −

§ ·= − − − ×¨ ¸
© ¹

= − +

 

  At t   3ௗs� 

  ( )4
3 �2 3 18e

3
0.15185...

a

a

− −= − +

= −
 

  At t = 3ௗs, the acceleration of M is −0.152 ms−2 (3s.f.). 
 
 c Using Newton’s second law of motion when 3t = s  
   F = ma 
       = 5 ×(−0.152)   
       = −0.��� N (3s.f.). 
  So F acts in opposition to the direction of motion.  
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5 a At t   �ௗs� the relevant eTuation is 
2
ts = . Since d

d
sv
t

=   

  1
2

v =  

  At t   �ௗs� the velocit\ oI 3 is 0.� ms−1 
 

 b At t = 22ௗs� the relevant eTuation is 3s t= + . Since d
d
sv
t

=   

  
( )

1
2

1 3
2
1 1 1
2 1025

v t

v

−= +

= × =
 

  At t   �ௗs� the velocit\ oI 3 is 0.1 ms−1 
 
6 a t   �ௗs� s = 3 3t t+ m  

  
( )
( )

d
d
3 ln 3 3

� �ln 3 3

2 12.887...

t

sv
t

v
v

v

=

= +

= +

=

 

  At t   �ௗs� the velocit\ oI P is 1�.� ms−1 (3s.f.). 
 
 b t   10ௗs� s = 2��� �� �t t− + − m 

  
( )
( )

d
d
�� 1�

10 �� 1�0

10 24

sv
t

v t
v

v

=

= −

= −

= −

 

  At t   10ௗs� the velocit\ oI P is −24 ms−1 
 
 c For 0 3td d , the displacement is s = ( )3 3t t+ m, which is always positive and increasing for 

0 3td d , so maximum displacement does not occur then. 
 
  For 3 6t� d , the displacement is s = ( )24 36t − m, which is also always positive and increasing 

for 3 6t� d , so maximum displacement does not occur then. 
  
  Therefore maximum displacement must occur when t  �ௗs. 
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6 c For 6t ! , max displacement occurs when  

  

d0
d

0 �� 1�
1� ��

8

s
t

t
t
t

=

= −
=
=  

  Note that 
2

2

d 12 0 8 is a max.
d

s t
t
= − � ⇒ =   

  

( ) ( ) ( )28 ��� �� 8 � 8

252 768 384
132

s = − + × − ×

= − + −
=

 

  The maximum displacement of P is 13�ௗm. 
 

 d Check to see if there is a value of t for 0 3td d for which d
d
s
t

 = 18 ms−1: 

  

18 3 ln 3 3
18 33

ln 3
ln 3 ln15 ln(ln 3)

ln15 ln(ln 3) �.3��3...
ln 3

t

t

t

t

= +
−

=

= −
−

= =

 

  At �.�3� st = ,  

  ( ) �.3���.3�� 3 �3 �.3���
�0.��1...

s = + ×

=
 

   
  For 3 6t� d , �� 3� 18 1�.� s or 0.�� st t t− = r ⇒ = = , both of which do not lie in the interval

3 6t� d , so no values of t in this interval Ior Twhich speed is 18 ms−1  
   
  For 6t ! ,   

  
18 �� 1�

1� �� 18
�.� and �.�

t
t
t t

r = −
= r
= =

 

 

  

( ) ( ) ( )2�.� ��� �� �.� � �.�

252 624 253.5
118.5

s = − + × − ×

= − + −
=

 

   

  

( ) ( ) ( )2�.� ��� �� �.� � �.�

��� �1� ��1.�
118.5

s = − + × − ×

= − + −
=

 

  P has a speed of 18 ms−1 at displacements of �0.8ௗm �3s.I.� and 118.�ௗm �twice�. 
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7 We will integrate twice to find an expression for the displacement, then find how long it takes to  
 travel 16 m. 
 a = 3 t ms−2, t   1ௗs� v = 2 ms−1  

 

3
2

d

3 d

23
3

v a t

v t t

v t c

=

=

= × +

³
³   

 Using values given: 

  
( )3

2

3
2

2 2 1

2 2 0

2

c

c

v t

= × +

= − =

⇒ =

 

  

 
3
2

5
2

d

2 d

2 2
5

s v t

s t t

s t c

=

=

= × +

³
³  

 Since we are interested in a time interval, we do not need to find c. 

 

5
2

5
2

2
5

416
5

20

20 3.3144...

t

t

t

=

=

= =

 

 7he Sarticle taNes 3.31ௗs to travel 1�ௗm.  
   

8 a s = k t m; when s   �00ௗm� t   ��ௗs 
  T = ��ௗs Eecause the runner completes the race in 25 s. 

  Also, 

  

200 25
200
5

40

k

k

=

=

=

 

  The values of k and T are �0 and ��ௗs� resSectivel\. 
  

 b  

1
2

d
d
1 402
20

sv
t

v t

t

−

=

= ×

=

 

  Runner finishes the race in 25 s: 

  ( ) 2025 4
25

v = =  

  The speed of the runner when she crosses the finish line is 4 ms−1. 
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8 c For small values of t, v is unrealistically large: For example, at t = 0.01s 
1
220 0.01 200v −= × = ms−1 

and no human could run this fast! 
 
 
9 a  

   

 

   

 
 b  
 
  When  

  

1
2

31
2 2 2

cos 0
,  

,  3

t
t

t

S S

S S

=

⇒ =

⇒ =

 

 
 c  

       

( )

( )

2 1
2

2 1
2

2 1
2

21
2

2

64 64sin

64 1 sin

 64cos

4 4cos

 � �  as reTuired.

t

t

t

t

a

= −

= −

=

=

=

 

 
 d At maximum velocity, a = 0 ms−2 
  From part b, this occurs when t = ʌௗs and t   3ʌௗs. 
  In both cases, sin 1kt = , so v = 2 + 8 = 10. 
   

  The maximum value of a occurs when d 0
d
a
t
=  

  Since a is a multiple of cos kt , d
d
a
t

is a multiple of sin kt ,  

  so d 0
d
a
t
= when sin 0kt = and hence v = 2 + 0 = 2  (from a) 

   
  By the result from c, at 2v =  we have    

  

2 24 64 (2 2)

64 4
4

a

a

= − −

= =
  

  The maximum values of velocity and acceleration are 10 ms−1 and  4 ms−2 respectively. 
 
 
 

The initial condition, that 
the acceleration is , 
gives an eTuation in k which 
you solve. 

In all differentiation and 
integration of trigonometric 
functions, it is assumed that 
angles are measured in 
radians.  when  is 
an odd multiple of . 
 

Using the identity 
 

For any constant k, 
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10 a Find acceleration: 

  
( )3

2

1
2

d 10 2d
d d
10 3

t tva
t t

a t

−
= =

= −

  

  For 0 4td d , a t  0, so v always increasing and hence maximum value of v occurs at t   �ௗs. 

  

( ) ( ) ( )3
24 10 4 2 4

40 16
24

v = × − ×

= −
=

  

  The maximum velocity for 0 4td d  is 24 ms−1 
 
 b  For first 4 s: 

  ( )3
2

5
2 2

d

10 2 d

45
5

s v t

s t t t

s t t c

=

= −

= − +

³
³  

  At t = 0, s = 0 so c = 0  
  Hence, 

  

( ) ( )
5

2 244 5 4 4
5

12880
5

54.4

s
§ ·

= × − ×¨ ¸
© ¹

= −

=

 

  When t   �ௗs� P is ��.�ௗm Irom O. 
 
 c When P is at rest, v = 0 

  

( )

4

4

4

40 24
2

4 24
2

2 24 4 8.4267...

t

t

t

−§ ·= − ¨ ¸
© ¹

−
=

= × + =

  

  P is at rest aIter 8.�3ௗs �3s.I.�. 
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10 d ,n Iirst �ௗs� P travels ��.�ௗm �see Sart b). 
  For remaining time: 

  ( ) ( )

( )

10

4

4 2
8.43 10

4 8.43

8.43 105 5

4 4

4 8.43

5 5 5

d

4 424 d 24 d
2 2

4 4
24 24

5 2 5 2

4.43 6 4.43�� 8.�3 �� 0 ��0 �� 8.�3
80 80 80

85 38.2 85 38.2 123.2

s v t

t ts t t

t t
s t t

s

=

− −§ · § ·= − + −¨ ¸ ¨ ¸
© ¹ © ¹

ª º ª º− −
= − + −« » « »

× ×« » « »¬ ¼ ¬ ¼

§ · § · § ·
= × − − − + − − × −¨ ¸ ¨ ¸ ¨ ¸
© ¹ © ¹ © ¹

= + − − + −

³

³ ³

  

  P travels a total distance of 54.4 + 123.2 = 177.6ௗm. 
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Further kinematics 8D 

1 a 2d 3 (3 4)
d
r t
t

= = + −v i j  

  
   

When t = 3,
v = 3i + 23j

 

 
  The velocity of P when   t = 3 is   (3i + 23j)ms−1 
 
 b  
  When   t = 3, 
    a = 18 j 
 
  The acceleration of P when   t = 3 is   18 jms−2  
 
2 m = 3 g = 0.003 kg, 2( (2 3) )t t= + −v i j ms−1, t = 4 s, F = ? 

 
2 2t

=
= +

a v
a i j
ɺ

 

 When 4 st = , 8 2= +a i j   

 0.003 (8 2 )
0.024 0.006

m=
= × +
= +

F a
F i j

i j
 

 The force F is ( )0.024 0.006+i j  N. 
 
3 35e 2t−= +r i j  m 
 a When P is directly NE of O, coefficients of i and j are identical. 

  

3

3

5e 2
e 0.4

3 ln 0.4
ln 0.4 0.30543...

3

t

t

t

t

−

−

=

=
− =

= =
−

 

  P is directly NE of O at t = 0.305 s (3s.f.). 
 
 b =v rɺ  
  315e t−= −v i  
  However, when particle is north east of O, by part a we see that 3e 0.4t− =  
  Hence 
  (15 0.4) 6= − × =v i i  
  The speed at this time is 6 ms−1 
 
 c  The velocity vector has a single component in the direction of i and the coefficient is always 

negative (since 3e t− is always positive) so P is always moving west. 
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4 a 8 (24 6 )t t= = + −v r i jɺ  
    When t = 2, 

  

  

v = (16i +12j)
| v |2= 162 +122 = 400

⇒| v |= 400 = 20

 

 
  The speed of P when   t = 2 is  20ms−1 
 
 b  
  Neither component is dependent on t, hence the acceleration is a constant. 

  
2 2 2| | 8 ( 6) 1

| | 100 1

00

0⇒ =

= + − =

=a

a
 

 
  The magnitude of the acceleration is  10ms−1 
 
5 a  
    When t = 0, 

  

  

v = −12 i − 6 j
| v |2= (−12)2 + (−6)2 = 180

⇒| v |= 180 = 6 5

 

 
  The speed of projection is  6 5 ms−1 
 
 b When P is moving parallel to j the velocity has no i component. 

  

  

3t2 −12 = 0
⇒ t2 = 4
⇒ t = 2 (t ≥ 0)

 

 
 c When   t = 2 
    r = (23 −12× 2) i + (4× 22 − 6× 2) j = −16 i + 4 j 
  The position vector of P at the instant when P is moving parallel to j is   (−16 i + 4 j)m. 
 
 d ( ) ( )3 212 4 6t t t t= − + −r i j  m, t = 5 s, m = 0.5 kg, F = ? 

  ( ) ( )23 12 8 6

6 8

t t

t

= = − + −

= = +

v r i j

a v i j

ɺ

ɺ
 

  When 5 st = , 30 8= +a i j   
  Hence,

( )

2 2

0.5 30 8
15 4

15 4
15.524...

m=
= +

= +

= +

=

F a
i j

F i j

F

 

  The magnitude of the force acting on P at t = 5 s is 15.5 N (3s.f.). 
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6 a  
    When t = 3,  
     v = 12 i + (27 + 6k) j 

  

( )
( )

2 2

22

2

2

12 5

720 12 27

720 144 729 324 36
0 36 324 153
0 (2 1)(2 17)

v

k

k k
k k
k k

=

= + +

= + + +

= + +
= + +

  

               k = −0.5,  − 8.5  
 
 b If   k = −0.5 

   

  When   t = 1.5, 
          a = 6 i +8 j 

  
  

| a |2= 62 +82 = 100
⇒| a |= 10

 

 
    If k = −8.5  

   

  When   t = 1.5, 

  

  

a = 6 i −8 j
| a |2= 62 + (−8)2 = 100
⇒| a |= 10

 

  For both of the values of k the magnitude of the acceleration of P when   t = 1.5 is  10ms−2  
 
7 a  
  When   t = 4, 

        
3
25

248
8 20

4
4
= +

= +

×v i j
i j

 

  
  

| v |2= 482 + 202 = 27042

⇒| v |= 2704 = 52
 

 
  The speed of P when   t = 4 is  52ms−1 
 
 b 

1 1
2 25 3 1512 122 2 4t t= = + × = +a v i j i jɺ  

  1
2

When 4
15 12 5

21 24 14

t

= = +

=

− × j ia i j
 

  The acceleration of P when   t = 4is ( ) 21512 ms2
−+i j  

 
4

3
2 = 4

1
2( )3

= 23 = 8 

You need to know that   
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8 a  
    When t = 1.5,  

  ( )21.51 38 12

9 3c

c= − +

= − +

×v i j

i j
 

  

22

2 2 2

2 2 2

2

15

15 ( 9) (3 )
9 15 9
9 144

v

c
c
c

=

= − +

= −

=

  

 
  
⇒ c2 =

144
9

= 16  

 
  As c is positive,   c = 4 
 
 b 24 2t c= = − +a v i jɺ  
    Using c = 4 and t = 1.5 
    a = −36 i +8 j 
  The acceleration of P when   t = 1.5 is   −36 i +8 j( )ms−2  
 
9 ( ) ( )2 22 3 5t t t t= − + +r i j  m 

 
( ) ( )

2 2

4 3 5 2
4 2

4 2 2 5

t t= = − + +

= = +

= + =

v r i j
a v i j

a

ɺ
ɺ  

 The acceleration is constant because the expression for it does not contain t, and it has a magnitude of
2 5  ms−2 

 
10 a ( )3 220 2t t kt= − +r i j  m, t = 2 s, |v|= 16 ms−1 

  

( )
( )

( )

2

222 2

2

2

20 6 2

2 (20 24) 4
4 4

16 (2) ( 4) 4

256 16 16
256 16 15

16
15

t kt

k
k

k

k

k

k

= = − +

= − +

= − +

= = − +

= +
−

= =

=

v r i j

v i j
i j

v

ɺ

 

  The value of k is 15 . 
 
  

  

Acceleration is a vector and the 
answer should be given in vector 
form. 
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10 b When P is moving parallel to j, the coefficient of the i component of velocity is zero. 
  From part a, since ( )220 6 2t kt= − +v i j , P is moving parallel to j when: 

  

2

2

20 6 0
20
6
10
3

t

t

t

− =

=

=

 

  Now 12 2 15t= = − +a v i jɺ  

  At 10
3

t = s, the acceleration is given by: 

  

1012 2 15
3

4 30 2 15

= − +

= − +

a i j

a i j  

  When P is moving parallel to j its acceleration is ( )4 30 2 15− +i j ms−2 
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Further kinematics 8E 

1 a 2 3

3 4

d (6 (8 4 ) )d

2 (8 )

t t t t

t t t C

= = + −

= + − +

∫ ∫v a i j

i j

 

  3 4

4

0 0
Hence

When

2 (8 )
When 2

 0,  0 0
0 0 0

16 (8 2 2 )

0

16

C

t t

t
C

t
t

⇒ = +

= +

= =

−
=

= +

+
+

×

= +

− =

+ i j

v i j

v i j

v i j
i j i j

i

 

 
  The velocity of P when   t = 2 is 116 ms−i  
 
 b 

( )
3 4

4 2 5

d (2 (8 ) )d

1 142 5

t t t t t

t t t D

= = + −

= + − +

∫ ∫r v i j

i j

 

  

5

5
2

4

4

2

0
When 0,  0 0
0 0 0 0

4
5

When 4

4

0
Hence

2

444 128 140.
5

8
2

t
D

tt t

t

D
= = +

+ = + +

 
+ − 
 
=

 
= + = − 

 

⇒ = +

=

× −

r i j
i j i j

i j

i j i

i

r

j

r

j

 

 
  The position vector of P when   t = 4 is   (128 i −140.8 j)m 
 
2 a 

( )

2

3 2

d ((3 2) (6 4) )d

( 2 ) 3 4

t t t t

t t t t A

= = + + −

= + + − +

∫ ∫r v i j

i j

 

  ( )2

2 2 2

3

When 2,  9
9 12 4

3 4 5

When 0
12 5

| | ( 12) 5 169

12 5
Hence

( 2 12)

| | 169 13

A

t t

t
A

t t

t

⇒
= =

= + +

+ − +

=
= − +

= −

= − +

= + −

⇒ =+ = =

v j
j i j

i j

r i j

i j

r

rr

 

 
  The distance of P from O when   t = 0 is 13 m. 
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2 b When P is moving parallel to i, v has no j component. 

  
6 4 0

2
3t

t

⇒

−

=

⇒ =
 

  6 6t= = +a v i jɺ  

  2When  s 43 6,  t = = +ia j  

  The acceleration of P at the instant when it is moving parallel to the vector i is   (4 i + 6 j)ms−2  
 
3 a ( )( )

( )2

d 2 4 6sin  d

4 6cos

t t t t

t t t c

= = − +

= − − +

∫ ∫v a i j

i j

  

  When t = π
2

 s, v = 0 ms−1, so 

  

2

2

π 4π0 0
4 2

π2π
4

c

c

 
= − − + 
 
 

= − 
 

i j

i
 

  The velocity of the particle is given by 
2

2 π4 2π 6cos
4

t t t
  

− + − −  
   

i j  ms−1 

 

 b When t = 3π
2

 s, 

  

( )

2 2

2

2

9π 12π π2π 0
4 2 4

8π 6π 2π
4

2π 4π

 
= − + − − 
 
 

= − + 
 

= −

v i j

v i

v i

 

  Since the velocity only has an i component when t = 3π
2

 s, this is also the speed. 

  The speed of P at 3π
2

 s is ( )22π 4π−  ms−1 

 
4 a 

( ) ( )2 2

d ((5 3) (8 ) )d

5 13 82 2

t t t t

t t t t C

= = − + −

= − + − +

∫ ∫v a i j

i j

 

  

( ) ( )2 2

2
When 0,  2 5
2 5 0 5
Hence

5 13 2 8 5

0

2 2

C

t t

t

t

C

t

= = −
− = + + ⇒ = −

= − + + − −

i
v i j

i j

i

i j j

v j

 

  The velocity of P after t seconds is ( ) ( )( ) 12 25 13 2 8 52 2  mst t t t −− + + − −i j  
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4 b P is moving parallel to  i − j when, in the expression giving the velocity of P  
  ( ) ( )coefficient of  component 1 coefficient of j component= − ×i   

  

( ) ( )

( )( )

2 2

2 2

2

5 13 2 8 52 2
15 3 2 8 52 2

2 5 3 0
2 1 3 0

t t t t

t t t t

t t
t t

− + = − − −

− + = − + +

+ − =

− + =

  

  Hence, 

    
1 ,  32

1As 0,  2

t

t t

= −

≥ =
 

 
 c 1When 2t =  

  
( ) ( )5 3 12 4 58 2 8

9
8

9
8

= − + −

−

+ −

=

v i j

i j
 

  
( ) ( ) ( )2 2 2

2 9 9 9| | 28 8 8
9 2| | 8

= + = ×

⇒ =

v

v
 

  The speed of P when it is moving parallel to  i − j is 19 2
8 ms−  

 
5 a 

2

d (2 2 )d

2

t t t

t t A

= = −

= − +

∫ ∫v a i j

i j

 

  

2

When 0,  2
2 0 2
Hence

2 )

0

(2

t
A A

t t

⇒ =

= + −

= =
= + +

v j
j

v i

i j j

j

 

 
  Let the position vector of P at time t seconds be p m. 
  22 )d (2t t t+= = −∫ ∫p v i j  

     ( )2 312 3t t t B= + − +i j  

  
   

When t = 0, v = 6 i
6 i = 0 i + 0 j+ B⇒ B = 6 i

 

  Hence 

  ( )2 31( 6) 2 3t t t= + + −p i j  

  The position vector of P at time t seconds is ( )( )2 31( 6) 2 m3t t t+ + −i j  
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5 b Let the position vector of Q at time t seconds be q m. 

  
2

3 2

d ((3 4) 2 )d

( 4 )

t t t t

t t t C

= = − −

= − − +
∫ ∫q v i j

i j
 

   
  From part a, when   t = 3 

  
  
p = (32 + 6) i + 2× 3− 33

3






j=15i − 3j  

 
  As the particles collide when   t = 3, ( ) ( )3 3=q p   

  

( ) ( )
3 2

3 3

15 3 (3 4 ) 3
1

3
5 1

6
3 5 9

C
C

C

=

− = − − +
− = +

=
−
×

p q

i j i j
i j i j

j

 

  Hence, 
  3 2( 4 ) (6 )t t t= − + −q i j  
 
  When   t = 0 , 6=q j  
  The position vector of Q at time   t = 0 is 6 mj  
 

6 a 
2

2 3

d ((4 3) 6 )d

(2 3 ) 2

t t t t t

t t t A

= = − −

= − − +
∫ ∫v a i j

i j
 

  

( ) ( )

2 3

2 3

When 0,  0
0 0 0

(2 3 ) 2

1 12 3 22 2
1
4

0

1When 2
1
2

t
A

t t t
A

t

= =
= + +

− −

 − − 

⇒ =

=

=

= ×
 

= − −

v
i j

i j

i j

i

v

v

j

 

 
  The velocity of P when 1

2t =  is   −i − 1
4 j( )ms−1 

 
 b 

( )
2 3

3 2 4

d ((2 3 ) 2 )d

32 1
3 2 2

t t t t t

t t t B

= = − −

= − − +

∫ ∫r v i j

i j

 

  
When 0,  4 6
4 6 0 0 4 6B

t
B

= = −
− ⇒ == + + −

r i j
i j i j i j

 

  ( ) ( )3 2 432 14 63 2 2r t t t= − + − +i j  

  When   t = 6 
  ( )648 6 65(144 54 4) 94 4= + = −− − +i j ir j  

  The position vector of P when   t = 6 is ( )64 4 m9 5−i j  
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7 a 3

4 2 2

d ((8 6 ) (8 3) )d

(2 3 ) (4 3 )

t t t t t

t t t t C

= = − + −

= − + − +

∫ ∫v a i j

i j

 

  
4 2 2

When 2,  16 3
16 3 20 10 7

(2 3 4) (4 3 7)
4C

t
C

t t t t
⇒

= = +
+ = + = −

=

+ −

− − + − −

v i j
i j i j i

iv
j

j
 

  The velocity of P after t seconds is ( )4 2 2 1(2 3 4) (4 3 7) mst t t t −− − + − −i j  
 
 b When P is moving parallel to i, the j component of the velocity is zero. 

  
  

4t2 − 3t − 7 = 0
(t +1)(4t − 7) = 0

 

  70  s4tt ≥ ⇒ =  

 
8  a ( )( )

( )2

d 4 3 4 d

2 3 4

P P t t t

t t t c

= = − +

= − + +

∫ ∫r v i j

i j

  

  When t = 0 s, Pr = ( )2+i j  m 

  
2 0 0

2
c

c
+ = + +

= +
i j i j

i j
 

  The position of P at time t is given by ( ) ( )( )22 3 1 4 2t t t− + + +i j m. 

 
 b i d 5 d

5
Q Q t k t

t kt c

= = +

= + +
∫ ∫r v i j

i j

  

   When t = 0 s, r = ( )11 5+i j m 

   
11 5 0 0

11 5
c

c
+ = + +

= +
i j i j

i j
 

   ( ) ( )5 11 5Q t kt= + + +r i j  
    
   When the particles collide, their position vectors are identical, so: 

   ( ) ( ) ( ) ( )22 3 1 4 2 5 11 5
P Q

t t t t kt

=

− + + + = + + +

r r

i j i j
 

   Considering the coefficients of i: 

   

( )( )

2

2

2

2 3 1 5 11
2 8 10 0

4 5 0
5 1 0

t t t
t t
t t

t t

− + = +

− − =

− − =

− + =

 

   The negative root can be ignored, so the particles collide when t = 5 s 
   Equating the coefficients of j when t = 5 s: 

   
20 2 5 5

22 5 3.4
5

k

k

+ = +
−

= =
 

   The value of k is 3.4  
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8 b ii Substituting 3.4 and 5k t= =  into equation for Qr : 

   ( ) ( )( )25 11 5 3.4 5

36 22
Q = + + × +

= +

r i j

i j
  

   The position vector of the points where the particles meet is ( )36 22+i j m. 
 
Challenge 
 

( )3 cos 5t t t= +v i j  ms−1, ro = ( )4 +i j m, t = 0 s 

( )d 3 cos 5 dt t t t t= = +∫ ∫r v i j   

 To evaluate cos dt t t∫ , let d and cos
d
vu t t
t

= =   

        Then d 1 and sin
d
u v t
t
= =    

 Using integration by parts, cos d sin sin d

sin cos          ( )

t t t t t t t

t t t

= −

= +
∫ ∫

1

 

( )

( ) ( )
( )

2

3 cos 5 d

3 cos d 5 d

53 sin cos      (using ( ))
2

t t t t

t t t t t

tt t t c

= +

= +

= + + +

∫
∫ ∫

r i j

i j

i j 1

 

 
When t = 0 s, r = ( )4 +i j m  
4 3(0 1) 0 c

c
+ = + + +

= +
i j i j

i j
 

 

Hence, ( )( )
253 sin cos 1 1

2
tt t t

 
= + + + + 

 
r i j  

When π
2

t = ,  

 

2

2

π π 5π3 sin 0 1 1
2 2 2 4

3π 5π1 1
2 8

   = + + + +    ×    
  = + + +  

   

r i j

r i j
 

The position of P at time t = π
2

 s is 
23π 5π1 1

2 8
   + + +   
    

i j  m relative to O. 
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Further kinematics Mixed exercise 8 

1 0,  5,  6 8 ,  ?t= = = − =u v i j a   
  

  
( )

( )

6 8 5,
1 6 85

− = ×

= −

i a

a i j
 

 

 ( )
Using ,

14 6 85
4.8 6.4

m=

= × −

= −

F a

F i j

i j

 

 
2  

  ( )2 2 ,
1
2

− =

= −

i j a

a i j
 

 
 13 ,  3,  ,  ?2t= + = = − =u i j a i j s  

  

  

( ) ( ) 21 13 3 32 2
9 9 3 9
2 4

15 27 
2 4

= + × + − ×

= + + −

= +

s i j i j

i j i j

i j

 

 

 

2 215 27distance
2 4

 56.25 45.5625

 101.8125
10.1m (3 . ) s f.

§ · § ·= +¨ ¸ ¨ ¸
© ¹ © ¹

= +

=
=

 

 
3 a  
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3 b 
 

5 minutes 5 60 seconds
300 seconds

= ×
=

 

  At 2.05 pm, the dinghy has position: 

           
 2 300 ( 500 3 300)
 600 400
= × + − + ×
= +

r i j
i j

 

 

  

2 2distance 600 400

 360 000 16

 

0 000

 520 000
721m   (3 s.f.)=

= +

= +

=
 

 
4 a 

0
Using  for ,A A At= +r r v A  

  
 

( 3 ) (2 )
(1 2 ) (3 )

A t
t t

= + + − ×
= + + −

r i j i j
i j

 

   
  

0
Using  for ,B B Bt= +r r v B  

  
(5 2 ) ( 4 )

 (5 ) ( 2 4 )
B t

t t
= − + − + ×
= − + − +

r i j i j
i j

 

 
 b B AAB = −r r rJJJG  

        

 
 c If A and B collide, the vector AB would be zero, so  and , but these two 

equations are not consistent , so vector AB can never be zero and A and B will not 
collide. 

 
 d At 10 am, 2 :t =  

  
(4 3 2) ( 5 5 2)

 2 5
AB = − × + − + ×

= − +

r i j
i j

JJJG
 

  

  

2 2Distance ( 2) 5

 29
5.39 km

= − +

=
=  
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5 Let x be the horizontal distance between O and S, and y be the vertical distance between O and S. 
 8 10 ,  9.8 ,  6,  t x y= + = − = = +u i j a j s i j   

 
( ) ( )

21
2

18 10 6 9.8 36
2

t t

x y

= +

+ = + × + − ×

s u a

i j i j j
  

 a Equating i components: 
  48x =   
  The horizontal distance between O and S is 48 m. 
 
 b Equating j components: 

  60 4.9 36
116

y = − ×
= −

  

  The vertical distance between O and S is 116 m (3 s.f.). 
 
6  ( )p q= +u i j ms−1, 0 0.8=r j m, a = −9.8jௗms−2; t   �ௗs� r = 64iௗm  

 a Combining 21   and  2t t= + = − 0s u a s r r  gives 

  21
2t t− = +0r r u a  

  Using vector notation: 

  

264 0 04 4
0 0.8 9.82

64 4
0.8 4 78.4

p
q

p
q

§ · § · § · § ·
− = +¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸−© ¹ © ¹ © ¹ © ¹
§ · § ·

=¨ ¸ ¨ ¸− −© ¹ © ¹

   

  Considering i components: 

  
64 4

16
p

p
=
=

 

  Considering j components: 

  
0.8 4 78.4
4 78.4 0.8

19.6 0.2 19.4

q
q
q

− = −
= −
= − =

 

  The values of p and q are 16 and 19.4 respectively. 216 0
19.4 4.9

t t§ · § ·
= +¨ ¸ ¨ ¸−© ¹ © ¹

s  

 
 b 2 216 19.4 25.146...= + =u   
  7he initial sSeed oI the Eall is ��.1ௗms−1. 
 

 c 
19.4tan
16

q
p

D = =   

  The exact value of tanD  is 97
80
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6 d Use 21   and  2t t= + = − 0s u a s r r  to find values of t for which r = xi+5j: 

  216 0
 

5 0.8 19.4 4.9
x x

t t§ · § · § · § ·
− = +¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸−© ¹ © ¹ © ¹ © ¹

 

  Considering j components: 

  
2

2

5 0.8 19.4 4.9
4.9 19.4 4.2 0

t t
t t

− = −

− + =
 

  Using the equation for the roots of a quadratic equation: 

  
219.4 19.4 (4 5 4.2)

2 4.9
3.7243... or 0.2348...

t

t t

r − × ×
=

×
= =

  

  7he Eall is aEove �ௗm Eetween these two times� i.e. Ior 3.���3« − 0.2348«  3.�0ௗs (3s.f.). 
 
 e  To make the model more realistic, one should consider factors such as air resistance and how it is 

affected by the shape (especially the seam) and the spin of the ball.  
 

7 a ( )
( )

( )

1
2

3
2

3
2

2

2

2

d 2 14 d

2 2 14
3 2 2
1 2 14
6

t t t t

t c

t c

= = +

= + +
× ×

= + +

³ ³r v   

  0 when 0t= =r , hence  

  

( )

( )

3
2

3
22

10 0 14
6
8.73

1 2 14 8.73
6

c

c

t

= + +

= −

⇒ = + −r

 

  At t   �ௗs� ( )
3
21 50 14 8.73 76.6

6
= + + =r  

  At t   �ௗs� the disSlacement oI P from O is ��.�ௗm �3s.I.�. 
 

 b 2

1000
t

=v  ms−1, t   �ௗs� r = 76.6 m; t   �ௗs� r = ? 

  2d 1000 d

1000

t t t

c
t

−= =

= − +

³ ³r v  

  Using that fact that at t   �ௗs the Sosition oI the Sarticle will Ee as given in Sart a: 

  

100076.6
5

76.6 200 276.6
1000 276.6

c

c

t

−
= +

= + =
−

⇒ = +r

 

  At t   �ௗs� 

  1000 276.6 109.9
6

−
= + =r  

  At t   �ௗs� the disSlacement oI P from O is 110ௗm �3s.I.�. 
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8 a  

   

  When  

   

 
 b With  

   

  When ,  

  The distance of P from O when  is 4 m. 
 
 c  

   

   
  When  

   

   

 
  The magnitude of F when  is 0.05. 
 
9 a 1When 2t =  

  

( )
 

0.6cos 3

0.6cos 6

 

ʌ 1
2

0.

ʌ

3 0. 326 3

x =

=

=

×

× =

 

  The distance of B from O when 1
2t =  is 0.3 3 m.  

 

 b ʌ ʌsin
3

d 0.6
d 3
xv
t

t
= = − § ·× ¨ ¸

© ¹
 

 
  The smallest value at which  is given by 

  ʌ ʌ 3
3
t t= ⇒ =  s. 
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9 c 
2d ʌ ʌ0.6 cos

d 3 3
v ta
t

§ · § ·= = − ¨ ¸ ¨ ¸
© ¹ © ¹

 

  When  

  
2ʌ ʌ0.6 cos 0.3289...

3 3
a § · § ·= − = −¨ ¸ ¨ ¸

© ¹ © ¹
 

  The magnitude of the acceleration of B when  is . 
 

10 a  

   

 
  When  

  

 

1
2

1
2

0.5ln 4

2 ln 4

ln

(ln 4 4)e

(ln 2 4)e

 e
1 (2 ln 2 4)2

 ln

(2 ln

2

2 )

2

4

a
−

−−

−

= −

=

=

=

−

−

=  

  The acceleration of S when  is  in the direction of x increasing.  
 

 b For a maximum of x,  

   
 
  When  
   

  The greatest distance of S from O is 8 m.
e

 

 
11 a 6 2P P t= = +v r i j�  
  3Q Q t= = +v r i j�  
 
   The velocity of P at time t seconds is  and the velocity of Q is  
 
 b When  

   

 
  The speed of P when  is . 
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When the particles are moving parallel to 
each other, the angle each makes with i is 
the same. 
 

If ,  tan yx y xT= + =v i j  must be the same 

for both velocities. 
 
    

 
11 c When P is moving parallel to Q 

  

2

2

18 2
1
9
1  0,  
3

2 3
6 1
t

t

t

t

t

t

⇒ =

⇒ =

=

=



 

 
 d i-components 

  

2

2

3 4 6
 3 2 0

( 1)(3 2) 0
21,  3

t t
t t

t t

t

+ = +

− − =
− + =

= −

 

 
  j-components 

             

  

23 4 1 0
( 1)(3 1) 0

11,  3

t t
t t

t

− + =
− − =

=

 

 
  1 is a common root of the equations and,  
  hence, P and Q collide at the point with  

  position vector ( )37 m.2+i j  

 
12 a 6 8t t= = −v r i j�  
  6 8= = −a v i j�  
  
  Acceleration does not depend on t, hence the acceleration is constant. 
 
  

 can be substituted into either  
or  to find the position vector of the 
point where the particles collide. 

For the particles to collide, both the i and j 
components of their position vectors must 
be the same for the same value of t. The 
appropriate method is to equate the i 
components and solve the resulting 
quadratic, and then do the same for j 
components. If one of the roots of the 
quadratics is the same, then the particles 
collide. 
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12 b   
 
 
 
 
 
 
 
 
   

  
2 2 2| | 6 ( 8) 1

| | 0
0

1
0= + − =

⇒ =a
a  

  The magnitude of the acceleration is  
   
  8 53.16tanT T= ⇒ = q  

  The angle the acceleration makes with j is  
 
13 a 6sin 3 6cos3t t= = − −v r i j�  

  When ʌ
6t =  

  
ʌ ʌ6sin 6cos
2 2

6 0

= − −

= − −

v i j

i
 

  The velocity of P when ʌ
6t =  is 16 ms−− i  

 
 b 18cos3 18sin 3t t= = − +a v i j�  

   

  The magnitude of the acceleration is , which is constant. 
 
14 a 4 2(7 )c c t= = + −a v i j�  

   

 
 b 5 2 5(7 )t c c+⇒ == −iF j  
   2 2 2 2| | 4 25(7 ) 17c c= + − =F  

  

2 2

2

4 1225 350 25 289
29 350 936 0
( 4)(29 234) 0

23 844,  07
9

.
2

c c c
c c

c c

c

+ − + =

− + =
− −

|

=

=

 

 



 

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 9 

15 a 3

4 2 2

d ((8 6 ) (8 3) )d

(2 3 ) (4 3 )

t t t t t

t t t t C

= = − + −

= − + − +
³ ³v a i j

i j

 

  
4 2 2

When 2,  16 3
16 3 20 10 7

(2 3 4) (4 3 7)
4C

t
C

t t t t
⇒

= = +
+ = + = −

=

+ −

− − + − −

v i j
i j i j i

iv
j

j
 

  The velocity of P after t seconds is  
 
 b When P is moving parallel to i, the j component of the velocity is zero. 

   

  7  0 4t t⇒ =  

 
16 ( )1

24 5t t−= +a i j  ms−2, t = 0 s, v = 10i ms−1; t = 5 s, |v| = ? 

 

( )1
2

1
2

1
2

2

1
2

2

d 4 5 d

4 5
2

2 10

t t t t

t t c

t t c

−= = +

= + +

= + +

³ ³v a i j

i j

i j

  

 
 When t = 0 s, v = 10 i ms−1 

  
1
22

10 0 0
10

(2 10) 10

c
c

t t

= − +
=

⇒ = + +

i i j
i

v i j

 

 At t   �ௗs, 

 ( )2
2

(50 10) 10 5

60 10 5 4100

10 41

= + +

= + =

=

v i j

v

v

 

 At t   �ௗs� the speed of the ball is 10 41 ௗms−1. 
 
 
17 a 

2

d 2 3 d

3

t t t

t t c

= = +

= + +
³ ³v a i j

i j

  

  When t = 0 s, 3 13v = +i j   

  
3 13 0 0

3 13
c

c
+ = + +

= +
i j i j

i j
 

  ( ) ( )2 3 3 13t t= + + +v i j  
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17 b When the train is moving NE, the coefficients of the i and j components are equal and positive. 

  
( )( )

2

2

3 3 13
3 10 0

5 2 0
5,  2

t t
t t

t t
t

+ = +

− − =

− + =

= −

 

  Ignoring the negative root, as it denotes a time before the train was moving, the train is moving NE  
  at t = 5ௗs (3s.f.). 

 
Challenge 
1 a ( )0 20s =  m 
 

 b ( ) ( ) ( )

( ) ( )

( )

1 1
2 2 2

2

1
2

2

d 120 1 2 1
d 2

20 4 1

2 1

20 4 5
2 1

s t t t t
t

t t t

t

t t
t

−= − × + − +

− − +
=

+

− −
=

+

 

 

  Particle changes direction when d 0
d
sv
t

= = ⇒  

   

220 4 5 0
1.64 s

t t
t

− − =
=  (ignoring negative root, since   0t  ) 

   So particle changes direction exactly once, when 1.64 st =  
 
 c Particle crosses O when 0s =   

  ( )20 20 1

20

t t

t

= − +

=
  

   

  At 20t = s, 

( )
1
2

d 20 4 20 5 20
d 2 20 1

40 2 20

20 1

2 20 20 1

s
t

− − ×
=

+

− −
=

+

= − +
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Challenge 
2 a cos ) (4 sin )(6 t tZ Z Z Z−= = iv r j�  

  

( ) ( )
2 2 2 2

2 2

2 2

2

2

2

2

2

2

2

cos 16 sin
1 1 1 1 36 cos 2 16 cos 22 2 2 2

 18 18 cos 2 8 8 cos 2
 26 10 cos 2
 2 (13 5cos 2 ),  as requi

| | 3

red.

6 t t

t t

t t
t

t

v Z Z Z Z

Z Z Z Z

Z Z Z Z Z Z

Z Z Z

Z Z

+

= + + −

= + + −

+

= +

= =

=

v

 

  
 b As 1  cos 2   1tZ−    

  
2 2 2

2 2 2

2 (13 5)  2 (13 5cos 2 )  2 (13 5)
16     36

t
v

Z Z Z Z

Z Z

− + + 
 

 

 
  As 0 and 0v Z! ! , we can take the square root of each term and it will not change the inequality  
  signs:  
  4     6 ,  as required.vZ Z   
 

 c When  

  
( ) ( )
( ) ( )

4cos 3 3 23 3

cos 4

6si

sin 2 33 3

n

6 3

S S

S SZ Z Z Z

= =

=

+ +

=− −

i ir j

ji

j

jir�
 

 
  
 
 
   
  
 
 
 
 
 
 
 
 
 
 
 
 

  

c

c

t 2 0.3674...
3 3
2 3 2 3tan 0 7

an

.85 0...
3 3

T T

ZI I
Z

= ⇒ =

= = ⇒ =

 

 
  The angle between r  and  is  
  c c c0.3674... 0.8570... 1.224... 70.2° (3 s.f.)T I+ = + = =   

A diagram is essential here. Once the 
diagram has been drawn, the problem 
reduces to basic trigonometry. You 
find the angles using the inverse 
tangent button on your calculator. 

Use the double angle formulae 
 and 
 

Using 1cos 3 2
S =  and 3sin 3 2

S =  
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Review exercise 2 

1 a Let the reactions at C and D be RC and RD respectively.   
  Since the plank is in equilibrium, taking moments about D:  

  
( ) ( )200 1.75 800 2.25 3.75

350 1800 573.33...
3.75

C

C

R

R

× + × = ×

+
= =

  

  The reaction at C is ��3ௗ1 �3 s.f.). 
 
 b Resolving vertically: 

  
200 800
1000 573.33...
426.66...

C D

D

D

R R
R
R

+ = +
= −
=

  

  The reaction at C is ���ௗ1 �3 s.I.�. 
 
 c By modelling the builder as a particle, we can assume all weight acts from a single point at his 

centre of gravity. 
 
2 a Let the reactions at B and C be RB and RC respectively.  
  Since plank is in equilibrium, taking moments about C:  

  

5 4
2

5
2 4
5   as required.

8

B

B

B

mg l R l

mgR

mgR

× = ×

=
×

=

  

   
 b Resolving vertically: 

  

5 5             Using  from 
8 8

51
8

3   as required.
8

B C

C B

c

C

R R mg
mgmg R mg R

R mg

mgR

+ =

§ ·+ = =¨ ¸
© ¹

§ ·= −¨ ¸
© ¹

=

a

  

   
 c i Assuming the plank is uniform allows us to assume the weight acts from its midpoint. 
   
  ii By assuming the plank is a rod, we ignore its width. 
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3 Let the reactions at B and C be RB and RC respectively.  
 

  
 
 a Let the weight placed at D be W.  
  As W is increased, the rod will begin to tip about C when 0BR = .  
  Then, taking moments about C: 

   
4 500 1

125
W

W
× = ×

=
  

  The largest weight that can be placed at D EeIore the rod tiSs is 1��ௗ1. 
 
 b Let the weight now placed at A be W.  
  As W is increased, the rod will begin to tip about B when 0CR = .  
  Then, taking moments about B: 

   
2 500 3

750
W

W
× = ×

=
  

  The largest weight that can be placed at A EeIore the rod tiSs is ��0ௗ1.  
 
4 Let CB = xௗm        
 Taking moments about C, since lever is in equilibrium: 

 ( )
�000 �00�3 � �00�1.� �
2000 200 4.5 400
2400 900

0.375

x x x
x x
x
x

= − + −

= × −

=
=

  

 The length CB is 0.3��ௗm. 
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5 Since the particle is moving at constant velocity, the forces acting on it are balanced. 
             
 5 5 12tan sin  and cos12 13 13D D D= ⇒ = =  

 R(ՠ):  

 

3 cos sin
3 12 5

13 13
36 5

13

R g P
g PR

g PR

D D= +
×

= +

+
=

  

  
 R(ա): 

 

cos 3 sin
12 1 36 5 3 5
13 5 13 13

3612 15
5
3611 15
5

36 9.815
5 11

19.778...

P R g
g P gP

gP P g

P g

P

D P D= +

+ ×§ ·= +¨ ¸
© ¹

= + +

§ ·= +¨ ¸
© ¹
§ ·= + ×¨ ¸
© ¹

=

  

  P is 19.8ௗ1 �to 3s.I.�. 
 
6 m   �ௗNg� a   �ௗms−2       
 8sing 1ewton¶s second law oI motion and resolving uS the slope: 

 

( )

cos30 2 sin 45 2 2

3 2 4
2 2

3 4 2
2

2 4 2   as required.
3

F ma
F g

gF

F g

F g

=

− = ×

− =

= +

= +

D D
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7  m = 15ௗ000ௗNg� a   0.1ௗms−2        
 a  R(ՠ) : 

  
15000 cos10
15000 9.8cos10 144767

R g
R
=

= × =

D

D
  

   
  To the nearest whole newton, the reaction between the container and the slope is 144ௗ767ௗ1. 
  
 b 8sing 1ewton¶s second law oI motion and resolving uS the sloSe� 

  ( )
42000 15000 sin10 15000 0.1

144767 42000 1500 15000 9.8sin10

40500 25526.2
144767

0.103433...

F ma
R gP

P

P

=

− − = ×

× = − − ×

−
=

=

D

D  

  7he coeIIicient oI Iriction Eetween the container and the sloSe is 0.103 �3s.I.�. 
 
 c 8sing 1ewton¶s second law oI motion and resolving down the slope after winch stops working:  

  

15000 sin10 15000
1����� 0.103�33 1�000 sin10 1�000      �using results from  and )

40500
15000
2.7

F ma
R g a

g a

a

P

=

+ =

× + =

=

=

a b

D

D  

  So the container accelerates down the slope at 22.7 ms−   
   
   So: u = −2ௗms−1, v   0ௗms−1, a = 2.7 ms−2, t = ? 

  
0 2 2.7

2
2.7
0.74074...

v u at
t

t

= +
= − +

=

=

 

  The container takes 0.740ௗs �3s.I.� to come to rest. 
 
 d Once the container comes to rest, the container will tend to move down the slope and hence the 

frictional force will act up the slope. The container will therefore move back down if the 
component of weight down the slope is greater than the frictional force; i.e. if 

  

sin10
15000 sin10 144767 0.103433

25526 14974

mg R
g

P!

! ×
!

D

D  

  Since this inequality is true, the container will start to slide back down the slope. 
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8 a ( )R p :          
  s   0.8ௗm� u   0ௗms−1, a = 9.8 ms−2, t = ? 

  

2

2

1
2

9.80.8 0
2

0.8 0.40406...
4.9

s ut at

t

t

= +

= +

= =

  

  7he Eall reaches the ground aIter 0.�0�ௗs �3s.I.�. 
 
 b ( )R o : 
  v   �ௗms−1, t = 0.�0�ௗs� s = ? 

   
2 0.40406... 0.80812...

s vt
s
=
= × =

  

  7he Eall lands 0.808ௗm Irom the taEle edge �3s.I.�. 
 
9 a First resolve vertically to find time of flight, then    
  resolve horizontally to find initial velocity. 
  ( )R p :  
  s   �0ௗm� u   0ௗms−1, a = 9.8 ms−2, t = ? 

  

2

2

1
2

9.820 0
2

20 10 2
4.9 7

s ut at

t

t

= +

= +

= =

  

   
  ( )R o :  

  t = 10 2
7

s, s   �0.0ௗm, u = ? 

  10 240
7

4 7 19.798...
2

s vt

u

u

=

= ×

×
= =

  

  7he initial hori]ontal sSeed oI the Eall is 1�.8ௗms−1 �3s.I.�. 
 
 b AssumStions made are that the Eall Eehaves as a Sarticle �i.e. that there is negligiEle air resistance� 

and that the acceleration due to gravity remains constant over the distance fallen. 
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10  Resolving the initial velocity horizontally and vertically 

   

  
 a  

  

150sin10 ,  0,   9.8, ?

 0 150sin10
150sin10 2.657

9.8

9.8

u v a t
v u at

t

t

= q = = − =
= +
= q

q
= =

−  

  7he time taNen to reach the SroMectile¶s highest Soint is �.� s �� s.I.�. 
 
 b By symmetry, the time of flight is  
  >1ote that \ou could also find the time of flight by resolving vertically with 0s = , but since you 

have already found half the time of flight in part a, it is simpler just to double this.] 
   
  1ow Iind the range E\ resolving hori]ontall\� 
  : 
  150cos10 ,  5.315,  ?u t s= q = =   

   150cos10 5.315
 785.250

s ut=
= q×
=

 

  7he range oI the SroMectile is ��0 m  �� s.I.�. 
 
11  u = �8 3 �u u+i j ௗms−1, a   −�.8jௗms−2, ( )

( ) 

3,  18 30

          12

t k

k

= = + −

= −

s i j j

i j

  

  ( )

( )

21
2

912 3 8 3 9.8
2

12 24 9 44.1

t t

k u u

k u u

= +

§ ·− = + − ×¨ ¸
© ¹

− = + −

s u a

i j i j j

i j i j

 

 
 a Considering j components only: 

  
12 9 44.1

44.1 12 3.5666...
9

u

u

− = −
−

= =
 

  The value of u is 3.� �to �s.I.�. 
 
 b Considering i components only: 

  
24
24 3.567 85.6

k u
k
=
= × =

 

  The value of k is 8� �to �s.I.�. 
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11 c At C, let v = ( )x yv v−i j  ms−1  

 
  1ow 8 3.567 28.533xv = × =  since there is no horizontal acceleration. 
   
   Considering the j components only: 
  3 3.567,  ,  30,  9.8yu v v s a= × = = − = −    

  
( ) ( ) ( )( )

2 2

22

2

3 3.6 2 9.8 30

114.49 588
26.504

y

y

y

v u as

v

v
v

= +

= × + × − × −

= +

=

  

    

  

tan

26.504tan
28.533

42.888

y

x

v
v

D

D

D

=

=

=

  

  At C, the velocity of P makes an angle of 43o ��s.I.� with the x-axis.  
 
12 a Then ( )12 24 ,  9.8 ,  3,  ?t= + = − = =u i j a j s   

   ( )

2

2

1
2

3 12 24 3 4.9
36 27.9

t t= +

= × + − ×

= +

s u a

i j j
i j

  

   
  The position vector of P after 3 s is �3� �� m.9 )+i j  
 

 b ( )12 24 ,  9.8 ,  3,  ?t= + = − = =u i j a j v  

   ( )12 24 3 9.8
12 5.4

t= +

= + − ×

= −

v u a
i j j

i j
  

 
  Let the speed of P after 3 s be V  

  

2 2 21� � �.��  
 173.16

173.16
 13.159

V

V

= + −
=

=
=

 

  The speed of P after 3 s is 13  �� s.I.�. 
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13 Resolving the initial velocity horizontally and vertically 

  

  
 a : 
  sin ,  0,  ,  ?yu u s a g tD= = = − =  

       

2

21sin 2
10 � si

0

n 2

1
2

)

t g

s ut at

u t

t u gt

D

D −

=

−=

=

+

  �  corresponds to the point of projection) 

  

1 sin2
2 sin ,  as required

gt u

ut
g

D

D

=

⇒ =
 

   
 b : 

  2 sincos ,  ,  ?x
uu u t s

g
DD= = =  

  

2

2

2 sincos

2sin cos

sin 2

us u
g

u
g

u
g

DD

D D

D

= ×

×
=

= �Using ) 

  
2 sin 2 ,  as requireduR

g
D

? =  

 
 c The greatest possible value of  is 1, which is when . 
  Hence, for a fixed u, the greatest possible range is when . 
 

 d  

  
2 23.578 ,156.422

11.79 ,  78.21
D
D
= q q
= q q

 

  The two possible angles of elevation are 
   and  �nearest degree�. 
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14 The system is in equilibrium.  
      
 a Resolving vertically: 

  ( )

cos 60 cos30

3
2 2

2 3 1

2   as required.
3 1

T g T

T Tg

g T

gT

+ =

+ =

= −

=
−

D D

  

  
 b Resolving horizontally: 

  

( )
sin 60 sin 30

sin 60 sin 30

2 3 1
23 1

3 1     3�.� 1 �3 s.I.�
3 1

F T T

F T

gF

F g

= +

= +

§ ·+§ ·
= ¨ ¸¨ ¸¨ ¸−© ¹© ¹
§ ·+

= ¨ ¸¨ ¸−© ¹

D D

D D

 

  
 c We model the bead as smooth in order to assume there is no friction between it and the string.  
 
 
15 7 7 24tan sin  and cos24 25 25D D D= ⇒ = =      

 The system is in equilibrium.  
 
 a R(ՠ): 

  
500 cos
24 500 480
25

R g

R g g

D=

= × =
  

  The normal reaction of the hill on the crate is 480gௗ1� as reTuired. 
 
 b Minimum value of F occurs when the crate is on the point of sliding down the hill. Frictional force 

then acts up the hill.  
  R(ա):  

  
( )

500 sin
7 3 3�00 �80        �8sing � and �80  Irom �
25 20 20

140 72
68

F R g

F g g R g

F g
g

P D

P

+ =

§ · § ·= × − × = =¨ ¸ ¨ ¸
© ¹ © ¹

= −

=

a
  

  The minimum value of F required to maintain equilibrium is 68gௗ1. 
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16 Let: 
 R be the normal reaction of the floor on the ladder at P, 
 S be the normal reaction of the wall on the ladder at Q, 
 F be the friction between the floor and the ladder at P 
 x be the max. distance up the ladder from P that the builder can stand before the ladder begins to slip 
  
    ( )R n : 75 25 100R g g g= + =        
 
  ( ) :R F So =  
  The ladder is in limiting equilibrium, so F RP=  
  Hence 

0.25 100
25

S R
g

g

P=
= ×
=

 

  
  Taking moments about P: 

  

6sin 60 75 cos 60 25 3cos 60
�� �sin �0 ��� 1� cos �0

25 6sin 601
75 cos 60

1 2 tan 60

2 3 1
2.4641...

S g x g
g x g

gx
g

x

x
x

× = × + ×

× = +

×
+ =

+ =

= −
=

D D D

D D

D

D

D

  

 7he ma[imum distance the Euilder can climE uS the ladder EeIore it sliSs is �.��ௗm �3s.I.�. 
 
17 Let:          
 R be the normal reaction of the floor on the ladder at P, 
 S be the normal reaction of the wall on the ladder at Q, 
 F be the friction between the floor and the ladder at P 
 
  ( )R n : R mg=   
 
  ( ) :R F So =  
  The ladder is in limiting equilibrium, so F RP=  
  Hence S R

mg
P
P
=
=

 

 
  Taking moments about P: 

  

sin cos
2

sin cos
2

cos 1
2sin 2 tan

lS l mg

mglmgl

D D

P D D

DP
D D

× = ×

=

= =

  

 The coefficient of friction, ȝ, is given by 1
2 tanD

. 
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18 3 3 2tan sin  and cos2 13 13
D D D= ⇒ = =     

 Let: 
 R be the normal reaction of the floor on the ladder at A, 
 S be the normal reaction of the wall on the ladder at B, 
 F be the friction between the wall and the ladder at B 
 
 ( ) :R P So =  
  
 The ladder is in limiting equilibrium, so 

0.3

F S
P

P

P
P

=
=
=

  

 
 Taking moments about A: 

  

( ) ( )
( ) ( )

240 2cos 6sin 6cos

240 2cos 6sin 0.3 6cos
480 2 6 3 1.8 2

13 13 13
��0 �18 3.��

960 44.444...
21.6

S F

P P
P P

P

P

D D D

D D D

× = × + ×

× = × + ×

× × ×
= +

= +

= =

  

 
 The minimum value of P is thereIore ��.�ௗ1 �3 s.f.). 
 
19 51 1tan sin  and cos5 26 26

D D D= ⇒ = =  

 Resolving at right angles to the hill: 

  
5 cos
5 5 25

26 26

R g
g gR

D=
×

= =
  

 The sled slides down the hill; the frictional force therefore acts up the hill.  
 5esolving down the hill and using 1ewton¶s second law oI motion� 

 

5 5 sin
5 0.15 255
26 26
5 3.755

26
55

4 26

4 26

ma F
a g R

g ga

a g

ga

ga

D P
=
= −

×
= −

−§ ·
= ¨ ¸
© ¹

=

=
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19 (Cont.) 
 
 Consider motion down the hill: 

 0,  ,  200,  ?
4 26

gu a s t= = = =  

 

2

2

2

1
2

1200 0
2 4 26

200 8 26

1600 26 28.853...
9.8

s ut at

g t

t
g

t

= +

§ ·
= + ×¨ ¸

© ¹

×
=

= =

  

 To 3 s.f., the sled takes 28.�ௗs to travel �00ௗm down the hill.  
 
20 At 10ௗam� 

 

( )
( )
( )
( )

0

0

1

1

400 200  km

500 100  km

300 250  kmh

600 200   kmh

P

Q

P

Q

−

−

= +

= −

= +

= −

r i j

r i j

v i j

v i j

  

 
 a  0 t= +r r v  

  
( ) ( )( )
( ) ( )( )
400 300  + 200 250 km

500 600 100 200 km
P

Q

t t

t t

= + +

= + − +

r i j

r i j
 

 
 b  QP Q P= −r r r  

  
( )500 100 400 200

100 300
QP

QP

= − − +

= −

r i j i j
r i j

 

 
 c At noon, t   �ௗh 

  

( )( ) ( )( )
( )( ) ( )( )

( )

2 2

400 300 2  + 200 250 2

500 600 2 100 200 2

1700 500 1000  +700
700 1200

700 1200 1389.2...

P

Q

QP

QP

QP

= + × + ×

= + × − + ×

= − −

= −

= + =

r i j

r i j

r i j i j
r i j

r

 

  At noon� the two aeroSlanes are 13�0ௗNm aSart �3s.I.�. 
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21 a x = 23
2 1

kt
t

§ ·−¨ ¸−© ¹
m,  

  

( )
1

2

2

43
2 1

410

0  10 ms

3
1

10 3 7   as required.
4 4

dxv
dt

kv
t

k

k

t v −

=

= +
−

=

=

=

+

= ⇒

−
−

=

  

 
 b t   �ௗs 

  
( ) ( )

7
423 2

2 2 1
7 296

2 3 6

x

x

×
= × −

× −

= − =
×

 

  AIter �ௗs� P is 29
6

m from O. 

 
22 a ( ) ( )( )3 21 12 13 2t t t= + + −r i j  m 

  ( )2 2t t

=

= + +

v r

v i j

�
 

  
 b  t   �ௗs 

  
( )2

2 2

5 2 5

27 5

27 5 27.459...

= + +

= +

= + =

v i j

v i j

v

 

  At t   �ௗs� the sSeed oI P is 27.5 ms−1 �3s.I.�. 
 
 c  

  

2

4

17 4.1231...
1tan
4
14.03

 

6..

2

.

t
t s

D

D

=
= +

= +

= =

= ⇒

=

=

a v
a i j

a i j

a

�

 
  At t   �ௗs� P is accelerating at 4.12 ms−2 at an angle of 14.0o to the i vector �Eoth values to 3s.I.�. 
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23 a ( ) ( )( )2 24 1 2 3t t= + + −r i j  m  

  
8
3

4

24 12
 t

t
s

t
=

=
= +

= +
⇒

v r
v i j

v i j

�

  

  At t   3ௗs, the velocity of the particle is ( )24 12+i j  ms−1. 
 
 b =a v�  
  8 4= +a i j  
  Since all terms in this expression are independent of t, the acceleration is constant. 
 

24   
1
2

3
2 2

2 3

d 2 3

23
3

2  

t t t

t t c

t t c

= = − +

= − + × +

= − + +

³ ³r v i j

i j

i j

 

 When t = 0, r = 2jௗm ⇒    

 ( )2 3

2 0 0 2

2 1

c c

t t

= + + ⇒ =

? = − + +

j i j j

r i j
 

 When t   �ௗs 

 
( )

2 2

16 2 8 1
16 18

16 18 24.083...

= − + +

= − +

= + =

r i j
r i j

r

 

 After �ௗs� P is ��ௗm Irom O ��s.I.�. 
 
25 a ( ) ( )

( )

2 3

2 4 2

d 2 3 4 2 1  d

3 4
4

t t t t t

t t t t c

= = − − +

§ ·= − − + +¨ ¸
© ¹

³ ³v a i j

v i j

 

  t = 0 ( )3⇒ = +v i j  ms−1 

  

( )2 4 2

3 0 ��0�
3

3 3 4 4 1
4

c
c

t t t t

+ = − +
= +

§ ·⇒ = − + − + −¨ ¸
© ¹

i j i j
i j

v i j
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25 b If P is moving in the direction of i, the coefficient of j in the velocity vector is 0. 

  

20 4 4 1

� 1� �� � � 1��
8

1 2
2

t t

t

t

= + −

− r − × × −
=

− r
=

 

  The negative solution can be ignored as it is outside the range over which the equation applies. 

  P is moving in the direction of i after 2 1
2

§ ·−
¨ ¸¨ ¸
© ¹

s �0.�0�ௗs to 3 s.I.�. 

 
26 a  ( )

2

d 4 2 d

2 2

t t t

t t c

= = − −

= − − +
³ ³v a i j

v i j

 

  t = 0 ⇒ =v 8iௗms−1 

  

( )2

8 0 0
8

2 4 2

c
c

t t

= − +
=

⇒ = − −

i i j
i

v i j

 

 
 b When the windsurfer is moving due south, the coefficient of i in the velocity vector is 0. 

  

( )2

2

0 2 4

4
2 

t

t
t

= −

=
= r

 

  The negative solution can be ignored as it is before the time the windsurfer starts to move. 
  The windsurfer is moving due south after �ௗs. 

 
Challenge 
1 The rod makes an angle of Įo with the horizontal where   

 0.3 3 4sin cos
0.5 5 5

D D= = ⇒ =   

  
 
 
 
 
 
 
 
 To lift the mass, total clockwise moments about B must exceed total anticlockwise moments about B: 

  

( ) ( )

( )

1.5 cos 100 0.5 cos 0.5 cos
1.5 50 0.5

3 1 50
2 2

1 100    as required.
3

F k k mg k
F mg

F mg

F mg

D D D× + × ! ×

+ !

! −

! −
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Challenge 
2 3sin cosv kt kt= +  ms−1  

 2

3 cos sin

1.5 3 0
0  1.5 s

5

m

0.

t

a v
a k kt kt

k
k

a −= ⇒ =

=
= −

? = −
? =

�

 

 

 

d 3sin cos  d

3cos sin

1�cos �sin      �suEstituting �
2 2 2

s v t kt kt t

kt kt c
k k

t ts c k

= = +

= − + +

= − + + =

³ ³
 

 0 0t s= ⇒ =   

 
0 6 0 6

2 3 3cos sin
2 2

c c
t ts

= − + + ⇒ =

§ ·= − +¨ ¸
© ¹

 

 Maximum displacement occurs when v = 0 

 

0 3sin cos
0 3tan 1

1tan
3

0.5 161.565...
323.13...

kt kt
kt

kt

t
t

= +
= +

= −

=
=

 

  
 Maximum displacement is therefore 

 

( ) ( )( )2 3 3cos 161.56... sin 161.56...

��3 �.8��0... 0.31���..�
12.324...

s

s
s

= − +

= + +
=

D D

 

 The maximum displacement of 1�.3ௗm Iirst occurs at 3�3ௗs �Eoth to 3s.I.�. 
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Challenge 
3 There is no change in the horizontal component of the velocity. 
 ( )R o :         

 
sin , cos ,  ?

cos
sin

xv u u s d t
s vt

s dt
v u

T T

T
T

= = = =

=

= =

 

 ( )R n  

 coscos , sin , ,  
siny

du u u s d a g t
u

TT T
T

= = = − = − =  

  

2

2

2 2 2

2 2

2 2

2 2

2

2

2

1
2

cos cossin cos
sin 2 sin

cos cossin
sin 2 sin

sin cos cos
cos sin 2 sin

cos cos sin
2 sin sin cos

sin cos sin
2 cos sin cos

2

s ut at

d g dd u
u u

d gdd
u

gd
u

gd
u

gd
u

gd
u

T TT T
T T

T TT
T T

T T T
T T T
T T T
T T T

T T T
T T T

= +

§ · § ·− = −¨ ¸ ¨ ¸
© ¹ © ¹

− = −

− = −

= +

§ ·= +¨ ¸
© ¹

2

2 2 2

2

2

sintan cos
cos

2 sin costan
cos

2 1tan
cos

2 tan sec      as required.

ud
g

ud
g
ud
g

TT T
T

T TT
T

T
T

T T

§ ·
= +¨ ¸

© ¹
§ ·+

= ¨ ¸
© ¹

§ ·= ¨ ¸
© ¹

=
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1 

Exam-style practice: Paper 3, Section A: Statistics 

1 a Use the cumulative binomial distribution tables, with n = 40 and p = 0.52. Then 
 22) 1 (   21(  0.58) 1 67 = 0.4133PP X X= − = −   (4 s.f.). 

 
 b In order for the normal approximation to be used as an approximation to the binomial distribution 

the two conditions are: (i) n is large (>50); and (ii) p is close to 0.5. 
 
 c The two conditions for the normal approximation to be a valid approximation are satisfied. 

250 0.52 130npP = = × =  and (1 ) 130 0.48 62.4 7.90np pV = − = × = =  (3 s.f.). Therefore 
2(250,0.52) (130,7 9 )B N| �  so that (   120) (   120.5) 0.1146P B P N| =   (4 s.f.).  

 
 d If the engineer’s claim is true, then the observed result had a less than 12% chance of occurring. 

This would mean that there would be insufficient evidence to reject her claim with a two-tailed 
hypothesis test at the 10% level. Though it does provide some doubt as to the validity of her claim. 

 
2 a Since A and C are mutually exclusive, 0( )P A C� =  and their intersection need not be represented 

on the Venn diagram. Since B and C are independent, 
) ( ) ( ) 0.55 0.26 0 1( . 43C P B P CP B� = × = × = . Using the remaining information in the question 

allows for the other regions to be labelled. Therefore the completed Venn diagram should be:  
 

   
 
 b ( ) 0.4 0.55 0.2( )) 2 0.2 (P B P A BP A × = × = z = �  and so the events are not independent. 

 c ( 0.2 0.2( | ') 0.444
( ') 0.2 0.117 0.133 45

)
0.

'PP B BAA
P B
�

= = = =
+ +

 (3 s.f.) 

 d ( ( ) ') ( ) 0.26) ') 0.325
(( ) ') 1 ( ) 0.8

( | ( P C A B P CB
P A

P C A
B P A B

� �
� = = = =

� − �
 

 
3 a The variable t is continuous, since it can take any value between 12 and 26 (in degrees Celsius).  
 
 b Estimated mean 19.419; estimated standard deviation 2.814 (3 d.p.). 
 
 c Temperature is continuous and the data were given in a grouped frequency table. 
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2 

3 d The 10th percentile is =
31
10

 3.1th value. Using linear interpolation: 

   
 

  10 10
10

15 153.1 2 1.1 1.13 15 0.55 15 15.5
18 15 8 2 3 6 6

PP P
⇒ ⇒

− −−
= = = + = + =

−
×

−
  

  The 90th percentile is 9 31
10
×

=  27.9th value. Using linear interpolation: 

   
 

  90 90
90

22 2227.9 26 1.9 1.94 22 1.52 22 23.52
26 22 31 26 4 5 5
P P P− −−

= = = + =× + =⇒ ⇒
− −

  

 
  Therefore the 10th to 90th interpercentile range is 23 52 15 55 7 97− =. . . . 
 
 e Since the meteorologist believes that there is positive correlation, the hypotheses are 

  0

1

0
0

:
:
U
U
=
!H

H
  

  The sample size is 8, and so the critical value (for a one-tailed test) is 0.6215. 
 Since r = 0.612 < 0.6215, there is not sufficient evidence to reject 0H , and so there is not 

sufficient evidence, at the 5% significance level, to say that there is a positive correlation between 
the daily mean air temperature and the number of hours of sunshine. 

 
4 a The value of 0.9998 is very close to 1, indicating that the plot of x against y is very close to being a  

linear relationship, and so the data should be well-modelled by an equation of the form = nq kt . 
 
 b Rearranging the equation 

  

2.1317

0.07601 2.1317log 0.07601 2.1317log

0.07601 log 0.07601 2.1317

log 0.07601 2.1317 log
10 10 10

10 1

0.07601 2.13

0 1

1

0

7

t t

t

q t
x

q

q t

y

+

⇒ = +

⇒ =

= +

=

=

×

⇒ = × ×

  

  Therefore 0.076110 1.19k = =  (3 s.f.) and 2.1317n = . 
 
 c It would not be sensible to use the model to predict the amount of substance produced when 

5 C8t q= , since this is considerably outside the range of the provided data (extrapolation). 
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3 

5 a ( ) 0.025 1.96aP Z a ⇒= = −�  and ( ) 0.0 1.6455 aP Z a ⇒ =! = . Therefore, for the given 

distribution, 3.416 1.96P
V
−

= −  and 4.858 1.645P
V
−

= . Rearranging these equations: 

  3.416 1.96 1.963.416P P V
V

⇒ = −
−

= − −  and 4.858 1.645 4.858 1.645P P V
V

⇒ =
−

= − . 

  Now subtract the second equation from the first to obtain: 
 (3.416 ) 1.645 ( 1.96 ) 1.442 3.605 0.44.858 P P V V V V− − = − − ⇒ = ⇒ =− and so, using the first 

equation, 1.96 0.4 3.416 0.784 4..416 23 P P= − × ⇒ = + =− . Using these values within the normal 
distribution, (3.5 4.6) (4.6) (3.5)P X P P� � = −  0 84134 0 04006 0 8013= − =. . .  (4 s.f.) of the cats 
will be of the standard weight. 

 
 b Using the binomial distribution,  10) 1 (   9)(  0.0594 = 0.91 406P B P B= − = −   (4 s.f.). 
 
 c Assume the mean is 4.5kg and standard deviation is 0.51. Then the sample X  should be normally 

distributed with 
20.51

12
~ 4.5,X N

§ ·
¨ ¸
© ¹

. The hypothesis test should determine whether it is 

statistically significant, at the 10% level, that the mean is not 4.5kg. Therefore the test should be 2-
tailed with 

 

  0

1

4
.5:
.5

4
:

H
H P

P
=
z

  

 
 The critical region therefore consists of values greater than a where )( 0.05P X a! =  and so 

4.742a =  (4 s.f.) and values less than b where )( 0.05P X b� =  and so 4.258b =  (4 s.f.). 
 
 Since the observed mean is 4.73 and 4.73 < a = 4.742, there is not enough evidence, at the 10% 

significance level, to reject 0H  i.e. there is not sufficient evidence to say, at the 10% level, that the 
mean weight of all cats in the town is different from 4.5kg.  

 
6 It is first worth displaying the information in a tree diagram. Let J denote the event that Jemima wins 

a game of tennis and J '  be the event that Jemima loses a game of tennis. Since Jemima either wins or 
loses each game of tennis, ( ) ( ') 1P J P J+ = . This allows for the other probabilities on the tree 
diagram to be filled in. Therefore the completed tree diagram should be:  
 

  
 
 The required probability is then: 

 
wins both games | wins second game)

(wins both games) 0.62 0.75 0.465 0.731 (3 s.f .)
(wins second game) 0.62 0.75 0.38 0.45 0.465 0.

(

171

P
P

P
×

= = = =
× + × +
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Exam-style practice: Paper 3, Section B: Mechanics  

7  
2

2
3

d

(2 6 ) d

62
3 2

t

t t t

tt t c

=

= − −

§ ·= − − +¨ ¸
© ¹

³
³

r v

i j

i j

 

 At t   1ௗs� r = 5iௗm ( ) 15 2 2
2

1      5
2

c

c

⇒ = − − +

= +

i i j

i j

 

 ( ) ( )3 212 2 5 12t t t? = − + + −r i j  

  
 When t   3ௗs� 

  

( ) ( )

2 2

16 54 5 1 92
43 4

43 4 43.185...s

= − + + −

= − −

= = + =

r i j

r i j

r

 

 At t   3ௗs� P is �3.�ௗm Irom O (3 s.f.).  
 
8 ( )R o : o100cos 5 330 0xu = =   

 ( )R n :   o100co 30s 50yu = =  
 
 a ( )R n : uy = 50 ms−1, s   0ௗm, a = g   − �.8ௗms−2, t = ?ௗ 

  

2

2

2

1
2

0 50 4.9
4.9 50

s ut at

t t
t t

= +

= −

=

 

  The solution t = 0 corresponds to the time the arrow is fired and can therefore be ignored. 

  50 10.204...
4.9

t? = =  

  7he arrow reaches the ground aIter 10.�ௗs �3 s.I.�. 
 
 b At maximum height, vy = 0 
  ( )R n : uy = 50 ms−1, vy   0ௗm, a = g   − �.8ௗms−2, s   "ௗ 

  

2 2

2

2
0 50 19.6

19.6 2500
2500 127.55...
19.6

v u as
s

s

s

= +

= −
=

= =

 

  7he ma[imum height reached E\ the arrow is 1�8ௗm �3s.I.�. 
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8 c At t   3ௗs�  
   ( )R o : vx = 50 3xu =  ms−1 since horizontal speed remains constant.  

   ( )R n :   uy = 50 ms−1, t   3ௗs, a = g   − �.8ௗms−2, vy = ? 

        50 (3 9.8) 20.6y

v u at
v
= +
= − × =   

  The speed at t   3ௗs is given by: 

   ( ) ( )

2 2 2

2 22 50 3 20.6

7500 424.36 89.018...

x yv v v

v

v

= +

= +

= + =

  

  7he sSeed oI the arrow aIter 3ௗs is 8�.0ௗms−1 (3 s.f). 
 
9 a u = 2i ms−1, t   10ௗs� 0.2 0.8= −a i j ms−2, r = ? 

  

21
2
10020 (0.2 0.8 )

2
20 10 40

t t= +

= + −

= + −

r u a

r i i j

r i i j

 

  AIter 10ௗs� the Sosition vector oI the c\clist is ( )30 40−i j m. 
 
 b 

2 230 40 50

s

s

=

= + =

r  

  AIter 10ௗs� the c\clist is �0ௗm Irom A. 
 
 c )or t !10ௗs� v = 5i ms−1 and a = 0  
  The position vector is now given by: 
   r = ( )30 40−i j + v ( 10)t − i  

   ( )
30 40 5( 10)
5 20 40

t
t

= − + −

= − −

r i j i
r i j

 

The cyclist will be south-east of A when the coefficient of i is positive and coefficient of j is 
negative, but both have equal magnitude. 

   
5 20 40

5 60
60 12
5

t
t

t

− =
=

= =

 

  The cyclist is directly south-east of A aIter 1�ௗs. 
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9 d First, work out the position vector of B from A: 
  ( )5 20 40t= − −r i j  
  Cyclist reaches B when t   1� � 30   ��ௗs    

  ( )( )5 42 20 40

190 40

= × − −

= −

r i j

r i j
 

  Let ș be the acute angle between the horizontal and B (as  
  shown in the diagram).     

  Then 40tan
190
11.888...

T

T

=

=

 

To the nearest degree, the bearing of B from A  
is 90 +12 = 102o. 

 
10 a Considering Q and using Newton’s second law of motion:  

 a = 0.5 ms−2, m   �ௗNg     

  

( )
2 2 0.5

2 9.8 1 18.6

F ma
g T

T

=
− = ×

= × − =

  

 The tension in the string immediately after the particles  
 Eegin to move is 18.�ௗ1. 

 
 b Considering P: 
  Resolving vertically 3R g⇒ =   

 Resolving horizontally and using Newton’s second law  
 of motion with a = 0.5 ms−2 and m   3ௗNg� 

  
3 0.5

3 1.5
18.6 1.5 0.58163...

3 9.8

T R
g T

P
P

P

− = ×
= −

−
= =

×

  

  The coefficient of friction is 0.582 (3 s.f.), as required. 
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10 c Consider P before string breaks: u   0ௗms−1, t   �ௗs� a = 0.5 ms−2, v = ? 

   ( )0 0.5 2 1
v u at
v
= +

= + × =
  

  After string breaks, the only force acting on P is a frictional force of magnitude 3F R gP P= =   
  Using Newton’s Second Law for P,  

   
3 3

9.8 0.58163...
5.7

F ma
g a
a g
a

P
P

=
=
=
= ×
=

 

 The acceleration is in the opposite direction to the motion of P, hence  
  u   1ௗms−1, v   0ௗms−1, a   −0.� ms−2, t = ? 

   0 1 5.7
1 0.17543...

5.7

v u at
t

t

= +
= −

= =

 

  P taNes 0.1��ௗs �3 s.I.� to come to rest. 
 
 d The information that the string is inextensible has been used in assuming that the tension is the 

same in all parts of the string and that the acceleration of P and Q are identical while they are 
connected.  

 
11 a The rod is in equilibrium so resultant force and moment are both zero. 
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  Taking moments about B: 
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 b Resolving horizontally:  

  
cos

13 12 6
10 13 5

R T
mg mgR

D=

= × =
  

   
  Resolving vertically:  

   

sin
13 5 6

10 13 5
6 11
5 2

5
12

T R mg
mg mg mg

D P

P

P

P

+ =

§ ·× + =¨ ¸
© ¹

= −

=

 

  The coefficient of friction between the rod and the wall is 5
12

. 

 


